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A B S T R A C T

Core–shell electrode particle designs offer a route to improved lithium-ion battery performance. However,
they are susceptible to mechanical damage such as fracture and debonding, which can significantly reduce
their lifetime. Using a coupled finite element model, we explore the impacts of diffusion-induced stresses
on the failure mechanisms of an exemplar system with an NMC811 core and an NMC111 shell. In partic-
ular, we systematically compare the implications of assuming constant material properties against using Li
concentration-dependent diffusion coefficient and partial molar volume. With constant material properties,
our results show that smaller cores with thinner shells avoid debonding and fracture regimes. When factoring
in a concentration-dependent partial molar volume, the maximum values of tensile hoop stress in the shell
are found to be significantly lower than those predicted with constant properties, reducing the likelihood of
fracture. Furthermore, with a concentration-dependent diffusion coefficient, significant barriers to full electrode
utilisation are observed due to reduced lithium mobility at high states of lithiation. This provides a possible
explanation for the reduced accessible capacity observed in experiments. Shell thickness is found to be the
dominant factor in precluding structural integrity once the concentration dependency is accounted for. These
findings shed new light on the performance and effective design of core–shell electrode particles.
1. Introduction

In recent years, lithium-ion batteries have become a key component
in powering an ever-increasing number of portable electronics, electric
vehicles, and renewable energy storage systems [1]. As the demand for
these technologies continues to grow, there is an increasing need to
enhance battery performance, extend their lifetime, ensure safety, and
reduce costs. One promising approach, which can improve the capacity
retention, rate capability, and thermal stability of a lithium-ion battery,
is the use of electrode particles with core–shell structures. Electrode
particles with surface coatings, as shown in the scanning electron mi-
croscopy (SEM) cross-sectional image and schema of Fig. 1(a)(b), have
demonstrated promising electrochemical performance. For example,
18650 cells with LiNi0.82Co0.12Mn0.06O2 cathode particles coated with
LiFePO4 exhibited outstanding cycling stability, with capacity retention
of 91.65% after 500 cycles at 1 C, much higher than that obtained with-
out a surface coating (70.65%) [2]. The shell can act as a protection
barrier that hinders the side reactions between electrode materials and
electrolytes [3]. Additionally, with the right choice of materials, the
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shell can enhance conductivity [4], perform surface modification [5],
and mitigate transition metal dissolution [6] of the active materials.
However, as shown in Fig. 1(c), the shell is prone to fracture and
debonding [7,8], leading to battery degradation. Shell fracture and
core–shell debonding are the result of diffusion-induced stresses that
arise as a consequence of the lithium intercalation and deintercalation
processes, as illustrated in Fig. 2.

The use of coupled, multi-physics modelling has been proven to be
an effective approach to better understand the interplay between me-
chanical and electrochemical effects [10–14]. Diffusion-induced stress
(DIS) models have been extensively used for predicting the mechanical
response of lithium-ion battery electrodes [15–17]. In recent years, DIS
models have been extended to gain insight into the coupled mechanical
and electrochemical behaviours of particles with core–shell structure.
For instance, Hao and Fang [18] extended the DIS model to spherical
core–shell particles, while Zhao et al. [10] proposed a dimensional
analysis to calculate the energy release rates of shell fracture and
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Fig. 1. Core–shell design: (a) SEM cross-sectional image of LiMn0.85Fe0.15PO4 particle coated with LiFePO4 adapted from [9]; (b) Schema of an ideal spherical particle with core–shell
structure; (c) High-resolution FIB image depicting a cross-section of an NMC core–shell particle after a single charge, revealing shell fracture and core–shell debonding [8].
Fig. 2. Two failure modes of the core–shell structure: (a) fracture of the shell caused by large hoop stress during lithiation; (b) debonding at the core–shell interface induced by
large radial stress during delithiation.
debonding based on mechanical stress magnitudes. Building upon these
previous works, Wu and Lu [19] applied a more physically rigorous
interface condition that assumes a continuous chemical potential across
the core–shell interface. Based on the DIS model, two failure modes of
the core–shell structure can be predicted: shell fracture and debonding,
which are depicted in Fig. 2.
2

Modelling efforts typically assume constant (time- and space-inde-
pendent) material properties, but recent studies have shown that the
diffusion coefficient of Nickel Manganese Cobalt oxide (NMC), one
of the most popular cathode materials, can vary by three orders of
magnitude during charging [20]. Experiments also revealed that the
volume change of the NMC materials is not linear with the amount of
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Table 1
Compilation of experimental and ab initio studies characterising the concentration-dependent nature of the
diffusion coefficient and the partial molar volume. The data is classified as a function of the material,
spanning the most common electrode materials, the material property under consideration (𝐷, Ω), and the
measurement technique.
Material property Measurement/ Material

calculation technique

GITT NMC [20,28–31], LFP [32,33], LCO [34,35],
NCA [36], Si [37], graphite [38,39]

Diffusion PITT NMC [40], LFP [32], LCO [41]
coefficient 𝐷 EIS NMC [42], LCO [38,41], NCA [36], Si [37]

Depolarisation NMC [43]
Ab initio NMC [44], Si [45], graphite [46]

Partial molar In situ X-ray NMC [21]
volume Ω Ab initio NMC [27]
c

m

T
s

𝝈

w
I
c

𝜺

lithium inserted [21]. During the charging process, Ni-rich NMC ma-
terials undergo a phase transition, shifting from the pristine hexagonal
H1 phase to two subsequent hexagonal phases, H2 and H3 [22,23].
As lithium gradually departs from the lattice, it causes changes in
lattice parameters and chemical bonding between the lithium and
transition metals (TM) [24]. These changes affect macroscopic proper-
ties such as diffusion coefficient and partial molar volume [25]. The
evolution of the diffusion coefficient during charging or discharging
can be captured by experimental measurements including galvanos-
tatic or potentiostatic intermittent titration techniques (GITT or PITT,
respectively) and depolarisation. Changes in diffusivity can also be
predicted by ab initio calculations [26]. The diffusion coefficient pri-

arily affects the concentration gradient, thereby affecting diffusion-
nduced stresses. Meanwhile, the partial molar volume directly influ-
nces volume changes and, consequently, diffusion-induced stresses.
he concentration-dependent partial molar volume can be determined
y measuring lattice parameters through in situ X-ray diffraction [21],

and can also be estimated through ab initio methods, such as density
function theory (DFT) calculations [27]. The high sensitivity of diffu-
sivity and partial molar volume to Li-ion concentration is consistently
observed in experiments across various relevant electrode materials. In
Table 1, we gather a list of experimental and first principles studies
measuring changes in diffusion coefficient and partial molar volume
for a wide range of materials and techniques. Hence, there is a need to
incorporate this concentration-dependency into modelling efforts, and
to quantify its impact on design rules and failure predictions. This is
the objective of this work.

In this work, we conduct coupled deformation-diffusion finite ele-
ment analyses of core–shell particles incorporating the role of
concentration-dependent diffusion coefficient and partial molar vol-
ume. In addition, we examine the failure of core–shell structures
(shell fracture and core–shell debonding), and build failure maps to
guide design and structural integrity assessment. We particularise our
analysis to a representative system - a spherical secondary particle
with a LiNi0.8Mn0.1Co0.1O2 (NMC811) core and LiNi0.33Mn0.33Co0.33O2
(NMC111) shell, as illustrated in Fig. 1(b). We find that the consid-
eration of concentration-dependent properties has a very significant
impact on the results. A concentration-dependent partial molar volume
brings dramatic differences in the stress distribution. Accounting for
the sensitivity of diffusivity to Li content reveals a localisation phe-
nomenon whereby a large concentration gradient is observed near the
interface, which provides new insight into electrode underutilisation
due to kinetic limitations. The failure maps show that previous models
considering constant material properties may have been overly cautious
in core radius design to avoid fracture.

2. Methods

In the following, we proceed to describe a fully coupled deformation-
diffusion model, which accounts for both chemical strains and the
effects of stress on diffusivity. The boundary conditions are discussed,
3

and a physically rigorous model that assumes a continuous chemi-
cal potential across the core–shell interface, instead of concentration
continuity, is presented. The parameters used in the model are listed,
including constant parameters and concentration-dependent diffusion
coefficient and partial molar volume. The theoretical model is nu-
merically implemented by means of the finite element method using
COMSOL Multiphysics.

2.1. The coupled diffusion and stress model

The lithium concentration in the particle, 𝑐, is governed by the
onservation of species balance
𝜕𝑐
𝜕𝑡

+ 𝛁⋅𝐉 = 0, (1)

where 𝑡 denotes time and 𝐉 is the concentration flux. The chemical
potential 𝜇 can be expressed as [47]

𝜇 = 𝜇0 + 𝑅𝑇 ln(𝑐) −𝛺𝜎ℎ, (2)

where 𝜇0 is the reference chemical potential, 𝑅 is the gas constant, 𝑇
is the temperature, 𝛺 is the partial molar volume of lithium in the host

aterial, and 𝜎ℎ = tr(𝝈)∕3 is the hydrostatic stress, with 𝝈 being the
Cauchy stress tensor. Based on the kinetics theory, the diffusion flux is
proportional to the gradient of chemical potential [16]

𝐉 = −𝑀𝑐𝛁𝜇, (3)

where 𝑀 = 𝐷∕𝑅𝑇 is the mobility of lithium-ion in the host material
and 𝐷 is the diffusion coefficient. Combining Eqs. (2) and (3), the
species flux can be expressed as

𝐉 = −𝐷𝛁𝑐 + 𝑐𝐷𝛺
𝑅𝑇

𝛁𝜎ℎ and 𝐉 ⋅ 𝐧 = 𝐽 at 𝜕𝑉 , (4)

where 𝐽 is the flux magnitude at the boundary, and 𝑉 is the volume
of the particle. The driving force of lithium transport is the chemical
potential which depends on the hydrostatic stress and lithium-ion
concentration. The stress equilibrium requires that

𝛁 ⋅ 𝝈 = 𝟎, (5)

he constitutive relation between the Cauchy stress tensor 𝝈 and the
train tensor 𝜺 is given by

= 𝜆tr(𝜺 − 𝜺𝐋𝐢)𝑰 + 2𝐺(𝜺 − 𝜺𝐋𝐢), (6)

here 𝜆 and 𝐺 are the Lamé constants, and 𝑰 is the identity matrix.
n Eq. (6), 𝜺𝐋𝐢 is the chemical strain caused by lithium insertion which
an be expressed as

𝐋𝐢 =
1
3
𝛺
(

𝑐 − 𝑐0
)

𝑰 , (7)

where 𝑐0 represents the initial lithium concentration in a stress-free
state.
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Fig. 3. Concentration-dependent material properties: (a) diffusion coefficient 𝐷𝑐,1 (NMC811) and 𝐷𝑐,2 (NMC111), measured using GITT method [29,30]. (b) molar volume 𝛺𝑐,1
(NMC811) and 𝛺𝑐,2 (NMC111) derived from in situ X-ray diffraction data [21]. The constant effective values are shown using dotted lines.
2.2. Boundary conditions

Our numerical experiments employ a constant current constant
voltage (CCCV) profile for the discharge (lithiation) process, and a
constant current (CC) profile for the charge (delithiation) process of
the cathode. A detailed definition and input parameters are given in
Appendix A. In the literature, a continuous concentration at the core–
shell interface is typically assumed [18]. However, this assumption
cannot often be satisfied since the core and shell have different maxi-
mum concentrations. In this work, we use an arguably more physically
rigorous model that assumes a continuous chemical potential [19],
leading to the following relationship between the concentration of the
two phases at the core–shell interface (see Appendix B for additional
details);

𝐽1(𝑟 = 𝑎) = 𝐽2(𝑟 = 𝑎), (8)

𝜇1(𝑟 = 𝑎) = 𝜇2(𝑟 = 𝑎), (9)

𝑟 = 𝑎 ∶ 𝑐1 = 𝑈−1
𝑟𝑒𝑓 ,1

[𝛺2𝜎ℎ,2 −𝛺1𝜎ℎ,1
𝐹

+ 𝑈𝑟𝑒𝑓 ,2
(

𝑐2
)

]

, (10)

Here, 𝑟 is the radial position within a spherical particle. Also, in
Eqs. (8)–(10) and hereafter, we use the numbers 1 and 2 to respectively
represent the core and shell domains. In addition, 𝑈𝑟𝑒𝑓 ,2 is the open
circuit potential of the shell (see Appendix B). The other boundary and
initial conditions are described as

𝑟 = 0 ∶
𝜕𝑐1
𝜕𝑟

= 0, (11)

𝑟 = 𝑏 ∶ 𝐽2(𝑟 = 𝑏) = 𝐽0, (12)

𝑡 = 0 ∶ 𝑐1 = 𝑐1,0 and 𝑐2 = 𝑐2,0, (13)

The stoichiometry 𝑥 and state of lithiation (SOL) are respectively
defined as:

𝑥 = 𝑐
𝑐𝑚𝑎𝑥

, (14)

SOL =
∫𝑉 𝑐 d𝑉

∫𝑉 𝑐𝑚𝑎𝑥 d𝑉
, (15)

where 𝑐𝑚𝑎𝑥 is the maximum concentration of lithium in the host ma-
terial. The stoichiometry is defined locally in the material while the
SOL is defined globally at the particle or electrode level. SOL = 0%
and 100% respectively denote the electrode at full delithiation and
full lithiation states. Based on the equations above, the concentration
4

distribution and stresses inside the core–shell particle can be solved nu-
merically using the finite element method. In addition, Zhao et al. [10]
used dimensional analysis to determine the energy release rates of shell
fracture 𝐺𝑓 and debonding 𝐺𝑑 as follows:

𝐺𝑓 = 𝑍
⟨�̄�𝜃𝜃⟩2

𝐸2
(𝑏 − 𝑎) (16)

𝐺𝑑 = 𝜋
⟨𝜎𝑐𝑠𝑟𝑟 ⟩

2

𝐸𝑒
(𝑏 − 𝑎) (17)

where ⟨𝑥⟩ = (𝑥 + |𝑥|) ∕2 are Macaulay brackets, (𝑏 − 𝑎) represents the
shell thickness, �̄�𝜃𝜃 =

(

2 ∫ 𝑏
𝑎 𝜎𝜃𝜃𝑟 d𝑟

)

∕
(

𝑏2 − 𝑎2
)

is the average hoop
stress in the shell, 𝜎𝑐𝑠𝑟𝑟 denotes the radial stress at the core–shell in-
terface, 𝐸1 and 𝐸2 respectively denote Young’s modulus of the core
and shell, 𝐸𝑒 is the effective Young’s modulus determined by 1∕𝐸𝑒 =
(1∕𝐸1 + 1∕𝐸2)∕2, and 𝑍 represents a dimensionless parameter which
equals 2 for a channel crack in a thin shell [10]. Eqs. (16) and (17)
are derived upon the assumption of pre-existing defects of a length
comparable to the thickness of the shell (𝑏 − 𝑎), as expected from
processes like calendering [48].

2.3. Constant and concentration-dependent parameters used in the model

The particle is lithiated and delithiated between around SOL =20%
and 85% (see Appendix A for details on the initial and final states).
The magnitude of the constant current density employed is 100 A∕m2;
equivalent to 2.7 C or to a constant flux of 𝐽 =6.28 × 10−5 mol/(m2⋅ s).
The constant parameters used in the finite element model are listed in
Table 2. In this regard, it is worth emphasising that the effective partial
molar volume �̄� and effective diffusion coefficient �̄� are the average
values of the concentration-dependent data obtained from experiments.
Fig. 3(a) depicts the concentration-dependent diffusion coefficient 𝐷𝑐,1
and 𝐷𝑐,2 of the core (NMC811) and shell (NMC111), measured using
GITT by Gao et al. [29] and Wu et al. [30] respectively. The GITT
method is chosen here due to its accuracy and prevalence in the litera-
ture [49–51]. As shown in experiments [29,30], a small hysteresis exists
between discharge and charge processes. For the sake of simplicity,
we base our analysis on the discharge data, which corresponds to the
lithiation of the cathode. As shown in Fig. 3(a), both of the diffusion
coefficient curves drop dramatically when the stoichiometry increases.
In particular, the diffusion coefficient of NMC811 𝐷𝑐,1 decreases by
3 orders of magnitude from 10−13 to 10−16 m2∕s. In terms of partial
molar volume, De Biasi et al. [21] measured the volume change of
NMC811 and NMC111 during charging using in situ X-ray diffraction.
The concentration-dependent partial molar volume 𝛺 is derived from
𝑐
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Fig. 4. Delithiation results along the radial direction: dimensionless concentration for (a) �̄�, �̄�, (b) 𝐷𝑐 , �̄�, (c) �̄�, 𝛺𝑐 ; hoop stress for (d) �̄�, �̄�, (e) 𝐷𝑐 , �̄�, (f) �̄�, 𝛺𝑐 ; and radial
stress for (g) �̄�, �̄�, (h) 𝐷𝑐 , �̄�, (i) �̄�, 𝛺𝑐 . An overline denotes constant (averaged) properties while a 𝑐 subscript denotes concentration-dependent properties. The radial position 𝑟
is normalised by the outer radius 𝑏 of the core–shell system.
the volume change (see Appendix C) and shown in Fig. 3(b). The partial
molar volume of NMC811 (𝛺𝑐,1) continues to decrease as the stoichiom-
etry 𝑥 increases, while 𝛺𝑐,2 of NMC111 decreases until 𝑥 reaches around
0.5 and then increases. A linear interpolation method is used with the
data points provided in the literature. If the stoichiometry 𝑥 exceeds the
limits shown in Fig. 3, the value of the relevant magnitude is assumed
to remain constant thereafter.

Three models are considered to separately investigate the effects
of two concentration-dependent parameters: (1) the reference model,
with constant diffusion coefficient �̄� and partial molar volume �̄�; (2) a
model considering a concentration-dependent diffusion coefficient 𝐷𝑐

and constant partial molar volume �̄�; and (3) a model considering a
constant diffusion coefficient, �̄�, and a concentration-dependent partial
molar volume 𝛺 .
5

𝑐

3. Results and discussion

The aforementioned coupled finite element model is used to gain
insight into the behaviour of core–shell electrode particle configura-
tions. We start, in Section 3.1, by characterising the concentration and
stress distributions along the core–shell structure, comparing the out-
puts obtained with the models incorporating concentration-dependent
diffusion coefficient (𝐷𝑐) or partial molar volume (𝛺𝑐) to those of
the reference model (�̄�, �̄�). In particular, the notable and interesting
effects of 𝛺𝑐 on the stress distribution are thoroughly discussed and
rationalised. Next, in Section 3.2, we devote our efforts to understand
a phenomenon revealed when considering a concentration-dependent
diffusion coefficient: a significant underutilisation of cathode capacity
at high SOL. Finally, in Section 3.3 safe design maps are computed to
design against fracture and debonding, considering both constant and
concentration-dependent parameters.
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Table 2
Parameters used in the finite element model including the geometry of the core–shell structure, material properties (for the
concentration-independent scenario), and magnitude of the constant flux.
Parameter Symbol Core (NMC811) Shell (NMC111)

Core radius 𝑎 4 μm –
Shell thickness 𝑏 − 𝑎 – 1 μm
Maximum lithium concentration 𝑐𝑚𝑎𝑥 51765 mol/m3 [20] 49000 mol/m3 [52]
Effective partial molar volume of lithium Ω̄ 7.88 × 10−7 m3/mol 4.22 × 10−7 m3

Effective diffusion coefficient �̄� 3.26 × 10−14 m2/s 1.55 × 10−14 m2/s
Young’s modulus 𝐸 184 GPa [27] 199 GPa [53]
Poisson’s ratio 𝜈 0.26 [27] 0.25 [53]
Flux at the outer surface 𝐽 6.28 × 10−5 mol/(m2⋅ s)
Fig. 5. Lithiation results along the radial direction: dimensionless concentration for (a) �̄�, �̄�, (b) 𝐷𝑐 , �̄�, (c) �̄�, 𝛺𝑐 ; hoop stress for (d) �̄�, �̄�, (e) 𝐷𝑐 , �̄�, (f) �̄�, 𝛺𝑐 ; and radial
stress for (g) �̄�, �̄�, (h) 𝐷𝑐 , �̄�, (i) �̄�, 𝛺𝑐 . An overline denotes constant (averaged) properties while the subscript 𝑐 denotes concentration-dependent properties.
3.1. Stress and Li concentration distributions in core–shell structures

Fig. 4 depicts the radial distribution of lithium concentration and
mechanical stress within the particle at different SOL levels during
delithiation. The corresponding results during lithiation are displayed
6

in Fig. 5. At the core–shell interface, located at 𝑟∕𝑏 = 0.8, concentration
jumps are observed, as required to maintain a continuous chemical
potential, see Figs. 4(a)–(c) and 5(a)–(c). The concentration profiles
obtained with 𝐷𝑐 show slightly larger gradients at higher SOL; see
Figs. 4(b) and 5(b), and compare to the results with �̄� in Figs. 4(a)
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Fig. 6. The results obtained with 𝐷𝑐 indicate that the particle is not fully utilised during discharge: (a) State of lithiation of the electrode particle as of function of time during
ithiation. The red and blue curves represent the results obtained with �̄� and 𝐷𝑐 , respectively. The dots indicate the transition between CC (constant current) and CV (constant
oltage) stages of the discharging process; (b) Radial distribution of dimensionless concentration at different times during lithiation with 𝐷𝑐 . A significant concentration gradient is
bserved at the periphery of the core, caused by a low diffusion coefficient at high SOL. (For interpretation of the references to colour in this figure legend, the reader is referred
o the web version of this article.)
c
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nd 5(a). The larger gradient is a result of the drop in diffusivity at
igh lithium content, as demonstrated in Fig. 3(a). On the other hand,
he concentration profiles are not visibly influenced by 𝛺𝑐 , as shown
n Fig. 4(c) and Fig. 5(c). Although the partial molar volume amplifies
he influence of hydrostatic stress on the diffusion flux, see Eq. (4),
he concentration distribution at a certain SOL is dominated by the
iffusion coefficient.

Figs. 4(d) and 4(g) and Figs. 5(d) and 5(g) show the evolution
f DIS assuming constant material properties during delithiation and
ithiation, respectively. These results can be rationalised as follows.

hen the partial molar volume is constant, the core and shell materials
xpand linearly with the amount of lithium inserted during intercala-
ion (assuming a negligible difference in concentration gradient). The
ore expands more than the shell due to its higher partial molar volume,
esulting in a compressive radial stress at the core–shell interface. The
oop stress in the core is also compressive because the shell limits the
xpansion of the core. In contrast, the shell experiences tensile hoop
tress. As more lithium is inserted, the absolute values of DIS increase.
similar process occurs during delithiation, as illustrated in Fig. 2, but

he tensile and compressive stresses are reversed. 𝐷𝑐 and �̄� generate
imilar stresses at the same SOL due to their comparable concentration
rofiles and same constant partial molar volumes, as illustrated in
igs. 4(e)(h) and 5(e)(h), compared to the results with �̄�.

Incorporating the concentration-dependent partial molar volume
as a significant impact on diffusion-induced stresses. During lithiation
s shown in Fig. 5(i), the radial stress at the core–shell interface 𝜎𝑟𝑟
s no longer compressive but tensile once we reach SOL levels of
0%. Fig. 3(b) shows that the partial molar volume of the core 𝛺𝑐,1
ecreases when the stoichiometry (𝑥) increases, while the partial molar
olume of the shell 𝛺𝑐,2 decreases when 𝑥 increases up to around 0.5,

and then increases. When considering 𝛺𝑐 during lithiation, the shell
expands more than with �̄� at higher SOL, while the core expands
less than with �̄�. When considering these effects, the radial stress at
the core–shell interface becomes tensile for SOL higher than 60%, as
depicted in Fig. 5(i). Accordingly, the hoop stress in the shell becomes
compressive as shown in Fig. 5(f). The results with a constant partial
molar volume (�̄�) show that the maximum tensile hoop stress in
the shell, which may lead to shell fracture, occurs at SOL = 85%.
However, Fig. 5(i) with 𝛺𝑐 shows a much smaller maximum tensile
hoop stress in the shell, which occurs at SOL = 50% during lithiation.
The maximum average hoop stress in the shell with 𝛺𝑐 is around 3
times smaller than the result with �̄�. A detailed quantitative analysis of
7

the effects of 𝛺𝑐 on DIS is included in Appendix C. The results show that c
considering the concentration-dependent partial molar volume, which
captures the non-linear volume changes of the active materials, has a
critical impact on DIS. In the NMC811@NMC111 core–shell structure,
the tensile stresses that lead to shell failure could be overestimated by
approximately three times if using a constant partial molar volume.

3.2. Underutilisation of the electrode particle at a high state of lithiation

In the context of characterising concentration fields during lithi-
ation, an intriguing observation emerges: the SOL’s growth rate sig-
nificantly decelerates over time when considering a concentration-
dependent diffusion coefficient (𝐷𝑐), relative to a constant one (�̄�),
once SOL surpasses 80%. This is primarily because 𝐷𝑐 experiences a
dramatic reduction at high lithium content. To further investigate the
intricacies of high SOL behaviour, we extend our study by discharging
the cathode particle until complete lithiation. The temporal evolution
of SOL with �̄� and 𝐷𝑐 is illustrated in Fig. 6(a). When assuming
�̄�, the particle achieves complete lithiation rapidly during the CV
(constant voltage) stage. However, when using 𝐷𝑐 , the SOL remains at
approximately 90% for an extended duration of over 100 min during
the CV stage, indicating significant barriers to full electrode utilisation
due to reduced lithium mobility at high SOL. Fig. 6(b) shows the
concentration distribution at various times near SOL = 90%. Large
concentration gradients can be observed in the core due to low dif-
fusivity 𝐷𝑐 . The diffusion coefficient of the NMC811 core drops by two
orders of magnitude when the stoichiometry 𝑥 exceeds 0.75, as shown
in Fig. 3(a). When the periphery of the core reaches a high lithium
content, the diffusion coefficient reduces dramatically, hindering the
diffusion within the core and generating a large concentration gradient.
From the time 𝑡 = 40 min to 𝑡 = 120 min, the concentration level
in the core grows very slowly, making it difficult for the particle to
be fully lithiated. These findings demonstrate that the underutilisation
of the cathode capacity can be attributed to kinetic limitations aris-
ing from low diffusion coefficient at high lithium concentration. This
phenomenon has been witnessed in experiments of single particles.
Xu et al. [54] observed that the centre of the NMC particle remained
lithium deficient when SOL > 80% during lithiation. A sharp lithium
oncentration gradient was found in the periphery of the particle. An
dditional CV step was applied for 2 h, driving the particle towards
ear-full lithiation state. These experimental results provide evidence
f the inhomogenous concentration and capacity underutilisation in
athode particles, and are well aligned with our simulation results when

onsidering a concentration-dependent diffusion coefficient, 𝐷𝑐 . We
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Fig. 7. Design maps are developed to investigate the effects of core radius 𝑎 and relative shell thickness (𝑏− 𝑎)∕𝑎 on debonding and fracture: the energy release rate of debonding
𝐺𝑑 for (a) �̄�, �̄�, (b) 𝐷𝑐 , �̄�, (c) �̄�, 𝛺𝑐 ; the energy release rate of fracture 𝐺𝑓 (d) �̄�, �̄�, (e) 𝐷𝑐 , �̄�, (f) �̄�, 𝛺𝑐 ; and the safe maps, represented by green region, indicate the parameter
combinations to prevent fracture and debonding assuming 𝐺𝑐

𝑑 = 0.1 J∕m2 and 𝐺𝑐
𝑓 = 1 J∕m2 for (g) �̄�, �̄�, (h) 𝐷𝑐 , �̄�, (i) �̄�, 𝛺𝑐 . (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)
emphasise that this phenomenon cannot be captured if assuming a con-
stant diffusion coefficient. Thus, our results highlight the importance of
considering concentration-dependent diffusivity to investigate capacity
loss due to kinetic limitations, especially in fast charging/discharging
scenarios [55].

3.3. Design maps to avoid fracture and debonding

The energy release rates of shell fracture and debonding can be
obtained based on the DIS and then used to guide the safe design of the
core–shell structure. Higher energy release rates indicate a greater risk
of fracture or debonding. To explore the safe design region, a paramet-
ric sweep is conducted to investigate the effect of core radius 𝑎 (ranging
from 1 μm to 5 μm) and relative shell thickness (𝑏 − 𝑎)∕𝑏 (ranging
from 0.05 to 0.3) under the lithiation/delithiation conditions described
previously. These ranges of core radius and shell thickness are in agree-
ment with typically reported values [56–58]. More details can be found
in Appendix A. Fig. 7(a)–(c) display the maximum energy release rate of
8

debonding 𝐺𝑑 during delithiation up to SOL = 20%. The simulations are
carried out for 𝑎 = 1, 2, 3, 4, 5 μm, (𝑏 − 𝑎)∕𝑎 = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3
and cubic interpolation is used to provide contour maps. The results
with two different models, (�̄�, �̄�) and (𝐷𝑐 , �̄�), exhibit similar trends.
The results indicate that thicker shells have a greater tendency for
debonding. The results with (�̄�, �̄�) in Fig. 7(a) show that the most
vulnerable region for debonding is thick shells with medium-sized cores
with 𝑎 between 3 μm to 4 μm. On the other hand, for the (𝐷𝑐 , �̄�) case
study shown in Fig. 7(b), the most dangerous region is observed to
be between 3.5 μm to 5 μm. These slight differences are caused by
variations in concentration distribution in different geometries. As for
DIS, the partial molar volume has significant effects on the debonding
strength. The results with (�̄�,𝛺𝑐) in Fig. 7(c) show similar contour
values as the other two cases but different shapes, with the most
dangerous area being for thick shells and small cores at around 𝑎 = 2
μm of size.

The maximum energy release rate of fracture 𝐺𝑓 during lithiation
up to SOL = 85% is depicted in Fig. 7(d)–(f). For (�̄�, �̄�) and (𝐷 , �̄�),
𝑐
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𝐺𝑓 reaches the maximum value at the end the lithiation. In general,
larger particles with medium-sized shells are more prone to fracture.
The maximum of 𝐺𝑓 for (�̄�,𝛺𝑐) occurs between SOL = 49% to 56%,
epending on the geometry. The maximum hoop stress in the shell hap-
ens in the middle of lithiation if we consider the non-linear expansion
f the core and shell materials, as discussed in Section 3.1, indicating
hat this is the most risky moment for shell to fracture. Furthermore,
𝑓 with 𝛺𝑐 is approximately 10 times smaller than with a constant �̄�,
redicting a significantly lower risk of fracture.

Shell debonding or fracture is predicted to occur if the maximum
nergy release rate of debonding or fracture exceeds the corresponding
ritical values. We choose the latter to be 𝐺𝑐

𝑓 = 1 J∕m2, which similar
o that reported for NMC secondary particles [59], and the debonding
racture energy is taken to be one order of magnitude smaller, 𝐺𝑐

𝑑 =
.1 J∕m2, to account for the relatively weaker bonding between the
ore and shell. Therefore, the region prone to fracture or debonding
s illustrated in Fig. 7(g)–(i) with the green area indicating the safe
esign region. When assuming constant material properties, the safe
egion is limited by both the fracture and debonding, as illustrated in
ig. 7(g). Smaller cores with thinner shells are considered safe with 𝑎
imited to under 4.3 μm and (𝑏 − 𝑎)∕𝑎 under 0.16. When considering

the concentration-dependent diffusion coefficient 𝐷𝑐 , the safe region is
dominated by debonding showing that thin shells are safe, as depicted
in Fig. 7(h). The results with 𝛺𝑐 in Fig. 7(i) indicate a smaller safe
area of thin shells determined by debonding only. The relative shell
thickness is limited to 0.11 at 𝑎 = 1 μm and 0.065 at 𝑎 = 5 μm.
The results demonstrate that accounting for concentration-dependent
material properties has a significant impact on fracture and debonding
predictions. The safe design region determined with constant material
properties is conservative in terms of core size.

4. Conclusions

In this study, we investigated the diffusion-induced stress (DIS)
inside a spherical particle with an NMC811@NMC111 core–shell struc-
ture during lithiation and delithiation. We obtained safe design maps
to prevent shell debonding and fracture, with a discussion on the
concentration-dependent diffusion coefficient and partial molar vol-
ume. The main findings are

• The concentration-dependent partial molar volume had minimal
impact on the concentration distribution at the same SOL level
but significantly affected the DIS. The tensile stresses that lead to
shell failure could be overestimated by approximately three times
if using constant partial molar volume;

• Underutilisation of the electrode capacity is predicted when con-
sidering concentration-dependent diffusion coefficient, due to re-
duced lithium mobility at high state of lithiation. This finding
can provide an explanation for reduced accessible capacity of
electrode, as observed in experiments;

• In terms of safe design maps, the results with constant material
properties suggest smaller (𝑎 ≲ 4.3 μm) particles to avoid shell
fracture and thinner coatings ((𝑏 − 𝑎)∕𝑎 ≲ 0.165) to avoid shell
debonding. However, when considering concentration-dependent
diffusion coefficient or partial molar volume, the core size is no
longer the determining factor within the range of 𝑎 ≤ 5 μm. This
indicates that previous models that consider constant material
properties might have been conservative in designing the core
radius to avoid fracture.

These results demonstrate the importance of considering concentration-
dependent material properties in modelling electrode core–shell par-
ticles of lithium-ion batteries. More research efforts are needed to
characterise the concentration-dependent transport, thermodynamic,
and mechanical properties of different active materials. Similar studies
are also needed to investigate the effects of temperature on the material
properties. In addition, the present analysis could be extended to the
9

electrode level (to capture spatial changes in mechanical and elec-
trochemical behaviour [13,60]) and to accommodate realistic particle
morphologies [12,61].
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Appendix A. Charging/discharging conditions

Table A.3 provides charging (delithiation) and discharging (lithia-
tion) conditions for the cathode particle. The initial and final states
are specified, with lithiation following a constant current constant
voltage (CCCV) profile and delithiation following a constant current
(CC) profile.

The constant flux at the outer surface reads,

𝐽 = 𝑖
𝐹 𝑎𝑠𝐿

(A.1)

ere, 𝐿 refers to the thickness of the electrode and 𝑎𝑠 denotes the active
urface area of the electrode materials per unit volume. For spherical
articles, the active surface area can be expressed as 𝑎𝑠 = 2𝜀𝑠∕𝑏 [19],
here 𝜀𝑠 represents the volume fraction of active materials. In our
umerical simulations, we consider 𝐿 = 50 μm and 𝜀𝑠 = 0.55, which
ields 𝐽 = 6.28 × 10−5 mol∕(m2 s) for a current density of 𝑖 = 100 A∕m2.

ppendix B. Continuous chemical potential

Here, we establish the relationship between 𝑐1 and 𝑐2 at the core–
hell interface, assuming a continuous chemical potential. This follows
losely the approach outlined in Ref. [19]. We start by defining the
hemical potential of lithium in active particles as 𝜇

= 𝜇Li−𝛩 − 𝜇𝛩, (B.1)

here 𝜇Li−𝛩 is the chemical potential of lithium in the lattice, and 𝜇𝛩 is
he chemical potential of vacancy in the lattice. The chemical potentials
re determined as follows:

Li−𝛩 = 𝜇0
Li−𝛩 + 𝑅𝑇 ln 𝑎Li−𝛩 −𝛺Li−𝛩𝜎ℎ, (B.2)

𝛩 = 𝜇0
𝛩 + 𝑅𝑇 ln 𝑎𝛩 −𝛺𝛩𝜎ℎ, (B.3)

ere, we have 𝑎𝑗 denoting the activity of phase 𝑗, 𝜇0
𝑗 signifying the

tandard state chemical potential of phase 𝑗, 𝛺 indicating the partial
𝑗
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Table A.3
CCCV lithiation and CC delithiation conditions.

Lithiation Delithiation

𝑐2 = 0.2𝑐𝑚𝑎𝑥,2, 𝑐2 = 0.85𝑐𝑚𝑎𝑥,2,
Initial state 𝑐1 determined by the interface condition. 𝑐1 determined by the interface condition.

SOL = 23% SOL = 82%

CC CC
A constant flux is applied until 𝑐2 A constant flux is applied until 𝑐2

Stage 1 reaches 𝑐𝑚𝑎𝑥,2 at the outer surface. reduces to 0 at the outer surface.
The magnitude of the current density is The magnitude of the current density is
𝑖 = 100 A/m2, equivalent to 2.7 C. 𝑖 = 100 A/m2, equivalent to 2.7 C.

Stage 2 CV None
𝑐2 = 𝑐𝑚𝑎𝑥,2 at the outer surface

Final state SOL = 85% SOL = 20%
w
m
u
t
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Fig. B.8. OCP profile of the NMC811 core and NMC111 shell materials. [19,30].

olar volume of phase 𝑗, and 𝜎ℎ representing the hydrostatic stress in
he lattice.

Thus,

= 𝜇0
Li−𝛩 − 𝜇0

𝛩 + 𝑅𝑇 ln
(

𝑎Li−𝛩
𝑎𝛩

)

−𝛺𝜎ℎ, (B.4)

where 𝛺 = 𝛺Li−𝛩 − 𝛺𝛩 is the partial molar volume of lithium in the
solid, 𝜇0

𝛩 and 𝜇0
𝐿𝑖−𝛩 are both constants. The measured open circuit

otential 𝑈𝑟𝑒𝑓 is determined by the Nernst equation as follows

𝑈𝑟𝑒𝑓 = 𝑈0
𝑟𝑒𝑓 + 𝑅𝑇

𝐹
ln
(

𝑎𝛩
𝑎Li−𝛩

)

, (B.5)

here 𝑈0
𝑟𝑒𝑓 =

(

𝜇0
Li + 𝜇0

𝛩 − 𝜇0
L−𝛩

)

∕𝐹 , 𝐹 is the Faraday constant, 𝜇0
Li is

he chemical potential of lithium. Thus, Eq. (B.4) becomes

= −𝐹𝑈𝑟𝑒𝑓 + 𝜇0
Li −𝛺𝜎ℎ, (B.6)

he continuity of chemical potential 𝜇1 = 𝜇2 is transformed to

𝐹𝑈𝑟𝑒𝑓 ,1
(

𝑐1
)

−𝛺1𝜎ℎ,1 = −𝐹𝑈𝑟𝑒𝑓 ,2
(

𝑐2
)

−𝛺2𝜎ℎ,2, (B.7)

Thus, the lithium concentration of the core at the interface can be
expressed as

𝑐1 = 𝑈−1
𝑟𝑒𝑓 ,1

[𝛺2𝜎ℎ,2 −𝛺1𝜎ℎ,1
𝐹

+ 𝑈𝑟𝑒𝑓 ,2
(

𝑐2
)

]

, (B.8)

where 𝑈−1
𝑟𝑒𝑓 ,1 is the inverse function of the open circuit potential of the

shell. The measured open circuit potential profiles of the core and shell
materials [19,30] are shown in Fig. B.8.
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Appendix C. Effects of 𝜴𝒄 on DIS

First, we explain how 𝛺𝑐 is derived from unit volume change
obtained using X-ray experiments. Then, we quantify the effects of
𝛺𝑐 on DIS, compared to results with constant partial molar volume,
through theoretical analysis. The partial molar volume is the volume
change per mole of lithium when an additional mole of lithium is added
to the active material:

𝛺 = 3𝜀
𝛥𝑐

= 3
𝛥𝑐

⎛

⎜

⎜

⎝

(

1 + 𝛥𝑉
𝑉0

)
1
3
− 1

⎞

⎟

⎟

⎠

= 3
𝐶𝑚𝑎𝑥𝛥𝑥

⎛

⎜

⎜

⎝

(

1 + 𝛥𝑉
𝑉0

)
1
3
− 1

⎞

⎟

⎟

⎠

, (C.1)

here 𝛥𝑐 is the variation of lithium concentration, 𝐶𝑚𝑎𝑥 is the maxi-
um concentration, 𝛥𝑥 is the variation of stoichiometry, 𝛥𝑉 is the vol-
me change, and 𝑉0 is the initial volume. Thus, as shown in Fig. 3(b),
he concentration-dependent partial molar volume can be obtained
rom the unit volume change [21].

To better understand the shift in stress states during lithiation when
ccounting for 𝛺𝑐 , from compressive to tensile for 𝜎𝑐𝑠𝑟𝑟 or from tensile
o compressive for �̄�𝜃𝜃 in the shell, we examine the analytical solutions
f the stresses, which are in good agreement with the finite element
esults. Eqs. (C.2) and (C.4) are the analytical expressions of 𝜎𝑐𝑠𝑟𝑟 and
𝜃𝜃 respectively. Similarly, Eqs. (C.3) and (C.5) are the corresponding
nalytical expressions when accounting for 𝛺𝑐 (see Box I).

𝑐𝑠
𝑟𝑟 =

2𝐸1𝐸2

𝑎3

𝛷1
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

∫

𝑏

𝑎

(

𝑐2 − 𝑐0,2
)

�̄�2 𝑟2 d𝑟−

𝛷2
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
[

( 𝑏
𝑎

)3
− 1

]

∫

𝑎

0

(

𝑐1 − 𝑐0,1
)

�̄�1 𝑟2 d𝑟

(

𝑏
𝑎

)3
[

𝐸1
(

1 + 𝜈2
)

+ 2𝐸2
(

1 − 2𝜈1
)]

+ 2
[

𝐸1
(

1 − 2𝜈2
)

− 𝐸2
(

1 − 2𝜈1
)]

,

(C.2)

𝜎𝑐𝑠
𝑟𝑟 =

2𝐸1𝐸2

𝑎3

𝛷1
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

∫

𝑏

𝑎

(

𝑐2 − 𝑐0,2
)

𝛺𝑐,2 𝑟2 d𝑟−

𝛷2
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
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( 𝑏
𝑎

)3
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𝑐1 − 𝑐0,1
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𝛺𝑐,1 𝑟2 d𝑟
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𝑏
𝑎
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[
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(

1 + 𝜈2
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+ 2𝐸2
(

1 − 2𝜈1
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+ 2
[

𝐸1
(

1 − 2𝜈2
)

− 𝐸2
(

1 − 2𝜈1
)]

,

(C.3)

𝜎𝜃𝜃 =

𝛷3
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− 𝑎3
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1 + 1
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( 𝑏
𝑟

)3]

𝜎𝑐𝑠
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𝑟
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)
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𝑎
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(

1 − 𝜈2
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[

1
𝑟3 ∫

𝑟

𝑎
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𝑐2 − 𝑐0,2
)

𝛺𝑐,2𝑟
2 d𝑟 −
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𝑐2 − 𝑐0,2
)

𝛺𝑐,2
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⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝛷4

(C.5)

We can ignore 𝛷4 in 𝜎𝜃𝜃 and consider that 𝜎𝑐𝑠𝑟𝑟 and 𝜎𝜃𝜃 have opposite
signs cause numerically |𝛷4∕𝛷3| ≪ 1. When 𝛷1 is smaller than 𝛷2,
𝜎𝑐𝑠 is compressive. When 𝛷 is larger than 𝛷 , 𝜎𝑐𝑠 is tensile. Fig. C.9
𝑟𝑟 1 2 𝑟𝑟
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Box I.
Fig. C.9. The evolution of radial stress at the core–shell interface 𝜎𝑐𝑠
𝑟𝑟 and average hoop stress in the shell �̄�𝑠

𝜃𝜃 during lithiation for (a) �̄� and (b) 𝛺𝑐 ; The evolution of 𝛷1 and 𝛷2
during lithiation for (c) �̄� and (d) 𝛺𝑐 .
shows the evolution of 𝜎𝑐𝑠𝑟𝑟 , �̄�𝜃𝜃 , 𝛷1, and 𝛷2 in relation to SOL during
lithiation, as obtained from finite element simulations. Fig. C.9(a)(c)
represent the evolution considering constant �̄�, while Fig. C.9(b)(d)
show the evolution accounting for concentration-dependent 𝛺𝑐 . With
�̄�, 𝛷1 and 𝛷2 exhibit almost linear growth with the SOL, while 𝜎𝑐𝑠𝑟𝑟
remains compressive during the lithiation process. However, it is worth
noting that 𝛷1 grows faster than 𝛷2 when considering 𝛺𝑐 . This is
because 𝛺𝑐,1 reduces when the stoichiometry 𝑥 increases while 𝛺𝑐,2
decreases until 𝑥 reaches approximately 0.5 then increases. As a result,
𝜎𝑐𝑠𝑟𝑟 transforms from compressive to tensile during lithiation when
considering 𝛺𝑐 . Incorporating concentration-dependent partial molar
volume has significant impacts on the DIS results.
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