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 A B S T R A C T

Recent years have seen a significant interest in using phase field approaches to model 
hydraulic fracture, so as to optimise a process that is key to industries such as petroleum 
engineering, mining and geothermal energy extraction. Here, we present a novel theoretical 
and computational phase field framework to simulate hydraulic fracture. The framework is 
general and versatile, in that it allows for improved treatments of the coupling between fluid 
flow and the phase field, and encompasses a universal description of the fracture driving 
force. Among others, this allows us to bring two innovations to the phase field hydraulic 
fracture community: (i) a new hybrid coupling approach to handle the fracture-fluid flow 
interplay, offering enhanced accuracy and flexibility; and (ii) a Drucker–Prager-based strain 
energy decomposition, extending the simulation of hydraulic fracture to materials exhibiting 
asymmetric tension–compression fracture behaviour (such as shale rocks) and enabling the 
prediction of geomechanical phenomena such as fault reactivation and stick–slip behaviour. 
Four case studies are addressed to illustrate these additional modelling capabilities and bring 
insight into permeability coupling, cracking behaviour, and multiaxial conditions in hydraulic 
fracturing simulations. The codes developed are made freely available to the community and 
can be downloaded from https://mechmat.web.ox.ac.uk/.

1. Introduction

Hydraulic fracturing plays a pivotal role in industries such as petroleum engineering [1], mining [2], geothermal energy 
extraction [3], and various subsurface operations. Due to the necessity of accurately predicting fracture behaviour, extensive research 
has been dedicated to hydraulic fracturing using theoretical [4], numerical [5], and experimental approaches [6,7]. Among the 
various numerical methods used to simulate hydraulic fracture, the phase field approach has become particularly popular due to its 
ability to simulate complex fracture phenomena in a mesh-objective and robust fashion, for arbitrary geometries and dimensions, 
and without requiring explicit crack tracking [8].

Phase field models for hydraulic fracture were pioneered by Bourdin et al. [9], laying a robust foundation that has been further 
developed in numerous subsequent works [10–13]. While discrete methods allow for explicit computation of the displacement jump 
(crack opening), continuum-based approaches such as the phase field fracture method require specialised treatment [14]. Bourdin 
et al. [9] introduced an integration method that approximates crack opening by integrating the displacement field and weighting 
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it by the phase field gradient. Building on this framework, Miehe et al. [15,16] incorporated a modified Darcy’s law to model 
fluid flow between crack surfaces as a Poiseuille-type flow. Their approach estimates fluid flux by solving laminar flow equations 
between parallel surfaces, deriving an anisotropic permeability tensor from crack opening computations, which account for element 
size and phase field gradient direction. Wilson and Landis [17] addressed element size effects on crack opening by introducing 
a viscosity-scaling factor. Ehlers and Luo [18] proposed a crack-opening indicator to address the challenges associated with the 
phase field modelling of closed fractures or fractures that reclose after formation, where fluid flow transitions between Darcy-
type and Navier–Stokes-type regimes. Heider and Markert [19] integrated phase field fracture models with the Theory of Porous 
Media (TPM) to simulate the multiphase behaviour of saturated porous media. Alternatively, Lee et al. [20] employed auxiliary 
fields to segment the domain into reservoir, transient, and fracture regions, estimating material properties via linear interpolation 
across these regions, eliminating the need for explicit crack opening computations. This methodology has been widely adopted 
in subsequent research [21–24]. Additionally, Lee et al. [25] introduced a level-set method for calculating crack opening. Later, 
Yoshioka et al. [26] compared the line integral method and the level-set method for computing crack opening within the phase 
field framework. While the line integral method is theoretically robust, its implementation poses challenges. In contrast, the level-
set method is more practical, albeit requiring parameter adjustments to achieve acceptable results. Santillán et al. [27] developed a 
phase field approach to simulate fluid-driven fractures in elastic materials, employing an immersed-fracture formulation to accurately 
capture fracture propagation. Formulations able to capture the role of inertia were developed by Zhou et al. [28] and Shahoveisi 
et al. [29]. Efforts have also been directed towards reducing the computational cost. For example, Lusheng et al. [30] used the 
length-scale insensitive degradation function developed by Lo et al. [31] to tackle large-scale hydraulic fracture problems, while 
Aldakheel and co-workers [32] proposed a global–local approach, confining fracture computations to a local domain linked to the 
global domain via a Robin-type interface condition. Additionally, phase field fracture has been employed to model the initiation 
and propagation of desiccation fractures in porous media [33,34]. For a comprehensive review of phase field hydraulic fracture the 
reader is referred to Refs. [35,36].

While these recent developments have brought significant progress, establishing phase field modelling as the leading technique 
in simulating hydraulic fractures, there are aspects of the formulation that need further development to enable accurate and 
versatile predictions, as needed to capture real site behaviour [37,38]. In this work, we present a formulation that encompasses 
relevant developments of hydraulic phase field fracture in a single framework, and adds two novel and important contributions. 
First, we present a new hybrid coupling approach to link the phase field evolution equation with pore pressure more effectively. 
As demonstrated in the numerical experiments conducted, this approach enhances both flexibility and accuracy in capturing the 
interactions between fracture and fluid flow in complex environments. Second, building upon our recent work [39], we enrich 
existing models with a general decomposition of the phase field fracture driving force. This is of key importance and a popular topic 
in the phase field fracture community as there is a need to enrich models with arbitrary failure surfaces to capture the nucleation and 
growth of cracks exhibiting asymmetrical tension–compression fracture behaviour [40–42]. Rocks and other quasi-brittle materials 
exhibit failure criteria that are well-described by Drucker–Prager or Mohr–Coulomb type of failure surfaces and thus a general 
treatment of hydraulic fractures in shale rocks requires this development to capture both tensile and shear-dominated failures. 
Accordingly, we particularise our generalised model to a Drucker–Prager-based decomposition of the strain energy density, the 
fracture driving force, which allows us to simulate geomechanical phenomena like stick–slip behaviour and fault activation. Insight 
is also gained on the role of the fracture driving force on the crack trajectory and the peak pore pressure in problems involving 
interactions between multiple cracks. The manuscript is organised as follows. First, in Section 2, we present our phase field-based 
formulation for hydraulic fracture. We begin by discussing the phase field description of crack evolution, through appropriate 
constitutive choices and various approaches to decompose the strain energy density. Then, we discuss fluid flow theory in porous 
media, including Darcy’s law and Biot’s poroelasticity. Three distinct coupling methods for phase field fracture and fluid flow are 
introduced and evaluated. The numerical implementation, which takes advantage of the analogy between the heat transfer and the 
fluid flow and phase field equations, is given in Section 3. In Section 4, four case studies are presented, demonstrating the practical 
application of the proposed framework and highlighting the importance of the novel ingredients of the model. Hence, the numerical 
experiments encompass permeability coupling, stick–slip behaviour, crack interaction issues, and multiaxial stress conditions. These 
case studies illustrate the robustness and adaptability of our generalised framework in modelling hydraulic fractures across diverse 
geomechanical scenarios. Finally, concluding remarks are given in Section 5.

2. A phase field-based model for hydraulic fracture

The coupled equations of phase field hydraulic fracture are presented in this section. Consider an elastic body occupying an 
arbitrary domain 𝛺 ⊂ R𝑛 (𝑛 ∈ [1, 2, 3]), with an external boundary 𝜕𝛺, where the outward unit normal is denoted by 𝐧. The primary 
variables considered are the displacement vector field 𝐮, the phase field variable 𝜙, and the pore pressure of the fluid 𝑝. Assuming 
small strain and isothermal conditions, the strain tensor is defined as 𝜺 =

(

∇𝐮𝑇 + ∇𝐮
)

∕2.
The damage process is described by a smooth scalar field 𝜙 ∈ [0, 1], referred to as the phase field. In this model, 𝜙 = 0

represents the undamaged material, while 𝜙 = 1 corresponds to a fully cracked state. The phase field value transitions smoothly 
between these two extremes, representing intermediate states of damage. The length scale parameter 𝓁 controls the extent of crack 
regularisation, allowing for a diffuse approximation of cracks. The phase field formulation introduces a crack density function 
𝛾(𝜙,∇𝜙), approximating the fracture energy as: 

𝛷 = 𝐺𝑐 d𝑆 ≈ 𝐺𝑐𝛾(𝜙,∇𝜙)d𝑉 , for 𝓁 → 0, (1)
∫𝛤 ∫𝛺

2 
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Table 1
Geometric crack function 𝑤(𝜙), and scaling constant 𝑐𝑤 for the AT2, and AT1 models.
 Model 𝑤(𝜙) 𝑐𝑤  
 AT2 𝜙2 1∕2 
 AT1 𝜙 2∕3 

where 𝐺𝑐 denotes the critical energy release rate for fracture, as established in classical fracture mechanics [43,44]. Using the 
principle of virtual work, the equations governing the coupled deformation–fracture–pore system are expressed as: 

∫𝛺

{

𝝈 ∶ 𝛿𝜺 − 𝐛 ⋅ 𝛿𝐮 + 𝜔𝛿𝜙 + ξ ⋅ 𝛿∇𝜙 + 𝜁̇𝛿𝑝 − 𝐪 ⋅ 𝛿∇𝑝 − 𝑞𝑚𝛿𝑝
}

d𝑉 = ∫𝜕𝛺
(𝐓 ⋅ 𝛿𝐮 + 𝑞𝛿𝑝) d𝑆, (2)

where 𝛿 represents a virtual quantity, 𝝈 is the Cauchy stress tensor, 𝐛 is the body force, and 𝐓 denotes the traction on the boundary 
𝜕𝛺. Also, the term 𝜔 refers to the micro-stress conjugate to the phase field 𝜙, while ξ is the micro-stress vector conjugate to 
the gradient of the phase field ∇𝜙. In addition, 𝜁̇ denotes the rate of fluid mass content, corresponding to the mass of fluid 
per unit bulk volume during a unit of time, 𝐪 is the fluid flux vector, 𝑞𝑚 is the fluid source, and 𝑞 is fluid flux per unit area 
applying on the boundary. Applying the Gauss divergence theorem to Eq. (2) delivers the balance equations describing the coupled 
deformation–fracture–pore system: 

∇ ⋅ 𝝈 + 𝐛 = 0

∇ ⋅ ξ − 𝜔 = 0

∇ ⋅ 𝐪 + 𝜁̇ = 𝑞𝑚

in 𝛺, (3)

along with appropriate boundary conditions, 
𝝈𝐧 = 𝐓
ξ ⋅ 𝐧 = 0

𝐪 ⋅ 𝐧 = −𝑞

on 𝜕𝛺. (4)

These equations represent the balance of linear momentum for the deformation field, the balance of microforces for the phase 
field, and mass conservation for fluid, respectively.

2.1. Constitutive theory for phase field fracture

The total potential energy density of the system for the coupled deformation–fracture–pore system is expressed as the sum of 
the elastic strain energy density 𝜓 , fluid energy density 𝜓𝑓𝑙,1 and the energy dissipated in creating new crack surfaces 𝜑: 

𝑊 (𝜺 (𝐮) , 𝜙, ∇𝜙) = 𝜓 (𝜺 (𝐮) , 𝑔 (𝜙)) + 𝜓𝑓𝑙(𝜺 (𝐮) , 𝑝) + 𝜑 (𝜙, ∇𝜙) . (5)

The effect of the phase field on material stiffness is incorporated via the degradation function 𝑔 (𝜙) = (1 − 𝜙)2 + 𝜅 with the 
conditions: 

𝑔 (0) = 1, 𝑔 (1) = 0, 𝑔′ (𝜙) ≤ 0 for 0 ≤ 𝜙 ≤ 1 . (6)

A small parameter 𝜅 is included to prevent ill-conditioning as 𝜙 → 1. The fracture energy is approximated through the crack 
density function 𝛾(𝜙,∇𝜙): 

𝜑 (𝜙, ∇𝜙) = 𝐺𝑐𝛾(𝜙,∇𝜙) = 𝐺𝑐
1

4𝑐𝑤𝓁
(

𝑤(𝜙) + 𝓁2
|∇𝜙|2

)

, (7)

where 𝓁 is the phase field length scale, 𝑐𝑤 is a scaling constant, and 𝑤(𝜙) is the geometric crack function. These variables are defined 
in Table  1 for the commonly used AT2 and AT1 models. See [45] for details.

In the evolution of the phase field order, the strain energy of the undamaged configuration 𝜓0, drives fracture. For asymmetric 
stiffness degradation, the strain energy is split into a dissipative part 𝜓𝑑 , and a stored part 𝜓𝑠, yielding the undamaged and damaged 
configurations: 

𝜓0 (𝜺) = 𝜓𝑑 (𝜺) + 𝜓𝑠 (𝜺) , and 𝜓 (𝜺, 𝜙) = 𝑔 (𝜙)𝜓𝑑 (𝜺) + 𝜓𝑠 (𝜺) , (8)

Thus, the total potential energy of the solid Eq. (5), is expressed as: 

𝑊 = 𝑔 (𝜙)𝜓𝑑 (𝜺) + 𝜓𝑠 (𝜺) + 𝜓𝑓𝑙(𝜺 (𝐮) , 𝑝) +
𝐺𝑐
4𝑐𝑤

( 1
𝓁
𝑤(𝜙) + 𝓁|∇𝜙|2

)

. (9)

1 The fluid energy term accounts for the pressure 𝑝 and fluid volume fraction inside the domain, and can be expressed based on the storage coefficient 𝑆, 
defined in Section 2.2, as follows: 𝜓 = 𝑆𝑝2∕2.
𝑓𝑙

3 
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Hence, by considering the variation of energy with respect to the phase field variable, one can derive the fracture micro-stress 
variables 𝜔 and ξ as [45], 

𝜔 = 𝜕𝑊
𝜕𝜙

= 𝑔′(𝜙)𝜓𝑑 (𝜺) +
𝐺𝑐

4𝑐𝑤𝓁
𝑤′(𝜙) , (10)

ξ = 𝜕𝑊
𝜕∇𝜙

= 𝓁
2𝑐𝑤

𝐺c∇𝜙 . (11)

Substituting these into Eq. (3)b, the phase field evolution equation reads: 
𝐺𝑐
2𝑐𝑤

(

𝑤′(𝜙)
2𝓁

− 𝓁∇2𝜙
)

+ 𝑔′(𝜙)𝜓𝑑 (𝜺) = 0. (12)

Finally, damage irreversibility is here enforced by defining a history variable:  = max𝑡∈[0,𝜏]𝜓𝑑 (𝑡).

2.1.1. Strain energy decomposition as fracture driving force
The strain energy split as a fracture driving force was developed to prevent damage evolution under compression. Various phase 

field fracture driving forces can be found in the literature. In this study, we focus on the most widely used formulations and our novel 
generalised approach, particularised to the Drucker–Prager case. Alternative strain energy split approaches are discussed in [46–48]. 
Amor et al. [49] introduced the volumetric-deviatoric split to exclude energy associated with volumetric compaction. This split can 
be expressed in terms of the first invariant of the strain tensor 𝐼1(𝜺) and the second invariant of the deviatoric part of the strain 
tensor 𝐽2(𝜺) as follows: 

𝜓𝑑 (𝜺) =
1
2
𝐾⟨𝐼1(𝜺)⟩2+ + 2𝜇𝐽2(𝜺) (13)

𝜓𝑠(𝜺) =
1
2
𝐾⟨𝐼1(𝜺)⟩2−, (14)

where 𝐾 is the bulk modulus, 𝜇 is the shear modulus, and the Macaulay brackets are defined as ⟨𝑎⟩± = (𝑎 ± |𝑎|)∕2. In this model, if 
the first invariant of strain tensor is negative (𝐼1(𝜺) < 0), the fracture is driven by the distortion energy 𝜓𝑑 (𝜺) = 2𝜇𝐽2(𝜺).

Miehe et al. [50] propose a split based on the decomposition of the principal strain tensor into positive and negative parts, 
defined as 𝝐± = ⟨𝝐⟩±. This spectral decomposition is given by 

𝜓𝑑 (𝜺) =
1
2
𝜆
(

⟨𝐼1(𝝐)⟩+
)2 + 𝜇

(

(

𝐼1(𝝐+)
)2 − 2𝐼2(𝝐+)

)

(15)

𝜓𝑠(𝜺) =
1
2
𝜆
(

⟨𝐼1(𝝐)⟩−
)2 + 𝜇

(

(

𝐼1(𝝐−)
)2 − 2𝐼2(𝝐−)

)

, (16)

where 𝜆 is the first Lamé constant and 𝐼2(𝝐) is the second invariant of the strain tensor.
Later, Freddy and Royer-Carfagni [51] developed a decomposition approach known as the no-tension split, which was based 

on the work of Del Piero [52] and aimed at masonry-like materials. This method can be expressed based on the principal strains 
(𝜖3 ≥ 𝜖2 ≥ 𝜖1) as follows: 

𝜓𝑑 (𝜺) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐸𝜈
2(1+𝜈)(1−2𝑣)

(

𝜖1 + 𝜖2 + 𝜖3
)2 + 𝐸

2(1+𝜈)

(

𝜖21 + 𝜖
2
2 + 𝜖

2
3
)

𝜖1 > 0

𝐸𝑣
2(1+𝑣)(1−2𝑣)

(

𝜖3 + 𝜖2 + 2𝑣𝜖1
)2 + 𝐸

2(1+𝑣)

[

(

𝜖3 + 𝑣𝜖1
)2 +

(

𝜖2 + 𝑣𝜖1
)2
]

𝜖2 + 𝜈𝜖1 > 0

𝐸
2
(

1−𝑣2
)

(1−2𝑣)

[

(1 − 𝑣)𝜖3 + 𝑣𝜖1 + 𝑣𝜖2
]2 (1 − 𝜈)𝜖3 + 𝜈(𝜖1 + 𝜖2) > 0

0 else

(17)

𝜓𝑠(𝜺) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 𝜖1 > 0
𝐸
2 𝜖

2
1 𝜖2 + 𝜈𝜖1 > 0
𝐸

2
(

1−𝑣2
)

(

𝜖21 + 𝜖
2
2 + 2𝑣𝜖1𝜖2

)

(1 − 𝜈)𝜖3 + 𝜈(𝜖1 + 𝜖2) > 0

𝐸𝑣
2(1+𝜈)(1−2𝑣)

(

𝜖1 + 𝜖2 + 𝜖3
)2 + 𝐸

2(1+𝜈)

(

𝜖21 + 𝜖
2
2 + 𝜖

2
3
)

else

(18)

where 𝐸 is Young’s modulus and 𝜈 is Poisson’s ratio. In this model, only positive principal stresses are considered for computing 
the fracture driving force.

However, there is growing interest in expanding the capabilities of phase field fracture models to incorporate arbitrary failure 
surfaces for crack nucleation and growth, so as to better represent the failure behaviour of rock-like materials [40–42]. This is of 
relevance in hydraulic fracture as shale rocks do not exhibit symmetric tension–compression fracture behaviour. While the injected 
fluid results in tractions normal to the crack surface, the stress state is often complex due to crack interaction, body forces and other 
boundary conditions. Therefore, an accurate simulation of hydraulic fracture under complex conditions necessitates a generalised 
phase field formulation capable of incorporating suitable failure surfaces. Recently, Navidtehrani et al. [39] developed a generalised 
approach to incorporate arbitrary failure surfaces into the phase field fracture driving force. The approach was demonstrated with 
the Drucker–Prager failure surface, which is relevant to shale rock and hence will be adopted here. Navidtehrani et al. [39] defined 
4 
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Fig. 1. Elastic, frictional, and fracture regions of Drucker–Prager based model in: (a) the strain space (𝐼1(𝜺),
√

𝐽2(𝜺)), and (b) the stress space (𝐼1(𝝈),
√

𝐽2(𝝈)).

the material cohesion 𝑐𝑓  to be degraded by the phase field but a constant friction parameter 𝛽𝑓 . Then, the strain energy split based 
on the Drucker–Prager model can be expressed as follows [39]: 

𝜓𝑑 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1
2𝐾𝐼

2
1 (𝜺) + 2𝜇𝐽2(𝜺) for − 6𝐵

√

𝐽2(𝜺) < 𝐼1(𝜺)

1
18𝐵2𝐾+2𝜇

(

−3𝐵𝐾𝐼1(𝜺) + 2𝜇
√

𝐽2(𝜺)
)2

for − 6𝐵
√

𝐽2(𝜺) ≥ 𝐼1(𝜺) & 2𝜇
√

𝐽2(𝜺) ≥ 3𝐵𝐾𝐼1(𝜺)

0 for 2𝜇
√

𝐽2(𝜺) < 3𝐵𝐾𝐼1(𝜺)

(19)

𝜓𝑠 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 for − 6𝐵
√

𝐽2(𝜺) < 𝐼1(𝜺)

𝐾𝜇
18𝐵2𝐾+2𝜇

(

𝐼1(𝜺) + 6𝐵
√

𝐽2(𝜺)
)2

for − 6𝐵
√

𝐽2(𝜺) ≥ 𝐼1(𝜺) & 2𝜇
√

𝐽2(𝜺) ≥ 3𝐵𝐾𝐼1(𝜺)
1
2𝐾𝐼

2
1 (𝜺) + 2𝜇𝐽2(𝜺) for 2𝜇

√

𝐽2(𝜺) < 3𝐵𝐾𝐼1(𝜺),

(20)

where 𝐵 is a material constant that is a function of the internal friction coefficient 𝛽𝑓 , e.g. for Drucker–Prager failure surface middle 
circumscribes the Mohr–Coulomb surface: 

𝐵 =
2 sin 𝛽𝑓

√

3(3 + sin 𝛽𝑓 )
. (21)

Navidtehrani et al. [39] showed that with a Drucker–Prager based fracture driving force, different material behaviours, including 
confinement, frictional behaviour, and the dilatancy effect, can be captured. The strain and stress spaces in the Drucker–Prager model 
are illustrated in Fig.  1. Both stress and strain spaces are divided into three different regions. In the elastic region, regardless of 
the value of the phase field variable 𝜙, the material behaviour is completely elastic, with no loss of stiffness. On the opposite side, 
the fracture region, the entire stress and stiffness are degraded by the phase field, meaning that when 𝜙 = 1 there is a traction-free 
crack. The material stiffness in the frictional region is anisotropic, indicating that only part of the stress and stiffness are degraded 
by the evolution of the phase field. Due to the frictional behaviour, applying more pressure results in higher shear stress. Finally, 
when 𝜙 = 1, the stress lies on the failure line √𝐽2(𝝈) = 𝐵𝐼1(𝝈).

2.2. Fluid flow equation through porous media

To characterise the distribution of pore pressure 𝑝 within a porous medium, a differential equation governing pore pressure must 
be defined. This can be achieved by examining the conservation of mass for the fluid, Eq. (3)c, in conjunction with a constitutive 
equation that relates fluid flux 𝐪 and fluid mass 𝜁 to pore pressure. This is typically achieved by considering mass conservation and 
Darcy’s law, whose principles are outlined here.

Darcy’s law, developed by Henry Darcy [53], describes the relationship between pore pressure 𝑝 and the flux vector 𝐪 under 
conditions of low flow rates, providing insights into fluid behaviour in porous media. For anisotropic cases, Darcy’s law is expressed 
as: 

𝐪 = −𝜌𝑓𝑙
𝑲𝑓𝑙 ∇𝑝, (22)

𝜇𝑓𝑙

5 
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Fig. 2. Porous material illustrating hydrostatic stress 𝜎ℎ, pore pressure 𝑝, pore volume (𝑉𝑝), bulk volume (𝑉𝑏), and solid phase volume (𝑉𝑚).

where gravity has been neglected, 𝑲𝑓𝑙 is the permeability tensor, and 𝜇𝑓𝑙 represents the fluid dynamic viscosity.
The fluid mass content can be expressed using porosity 𝑛𝑝 and fluid density 𝜌𝑓𝑙 as: 

𝜁𝑓𝑙 = 𝜌𝑓𝑙𝑛𝑝, (23)

where porosity is defined as the ratio of pore volume (𝑉𝑝) to the bulk volume (𝑉𝑏), i.e., 𝑛𝑝 = 𝑉𝑝∕𝑉𝑏, as illustrated in Fig.  2. Changes 
in mass fluid content arise from alterations in porosity due to variations in pore pressure and the compression or expansion of fluid 
within the pores. This can be expressed as: 

d𝜁𝑓𝑙 = 𝜌𝑓𝑙d𝑛𝑝 + 𝑛𝑝d𝜌𝑓𝑙 , (24)

Here, fluid density changes due solely to pore pressure variations, while porosity changes result from both pore pressure 𝑝 and 
hydrostatic stress 𝜎ℎ variations. Consequently, Eq. (24) can be reformulated considering differential changes as: 

d𝜁𝑓𝑙 = 𝜌𝑓𝑙

( 𝜕𝑛𝑝
𝜕𝜎ℎ

d𝜎ℎ +
𝜕𝑛𝑝
𝜕𝑝

d𝑝
)

+ 𝑛𝑝
𝜕𝜌𝑓𝑙
𝜕𝑝

d𝑝. (25)

To expand Eq. (25), we briefly review the hydrostatic theory of poroelasticity. Consider a bulk volume of porous media containing 
voids and saturated with fluid subjected to hydrostatic stress 𝜎ℎ and pore pressure 𝑝, as shown in Fig.  2. Under static conditions, 
pore pressure is unable to sustain shear stress, and pore walls cannot transmit any shear traction. The solid is then subjected to two 
independent stresses, namely 𝜎ℎ and 𝑝, as well as two independent volumes (𝑉𝑏 and 𝑉𝑝). Therefore, four compressibilities can be 
defined: 

𝐶𝑏𝜎ℎ = 1
𝑉𝑏

𝜕𝑉𝑏
𝜕𝜎ℎ

, 𝐶𝑏𝑝 =
1
𝑉𝑏

𝜕𝑉𝑏
𝜕𝑝

, 𝐶𝑝𝜎ℎ = 1
𝑉𝑝

𝜕𝑉𝑝
𝜕𝜎ℎ

, 𝐶𝑝𝑝 =
1
𝑉𝑝

𝜕𝑉𝑝
𝜕𝑝

. (26)

Relationships between these compressibilities were established in Ref. [54], and are as follows: 

𝐶𝑏𝑝 = 𝐶𝑏𝜎ℎ − 𝐶𝑚, 𝐶𝑝𝜎ℎ =
𝐶𝑏𝜎ℎ − 𝐶𝑚

𝑛𝑝
, 𝐶𝑝𝑝 =

𝐶𝑏𝜎ℎ − (1 + 𝑛𝑝)𝐶𝑚
𝑛𝑝

, (27)

where 𝐶𝑚 is the compressibility of the solid. Using Eq. (27), we can determine changes in bulk modulus strain 𝜀𝑏 (volumetric strain 
(𝜀𝑣𝑜𝑙)) for a volume control 𝑉𝑏: 

d𝜀𝑏 = d𝜀𝑣𝑜𝑙 =
d𝑉𝑏
𝑉𝑏

= 1
𝑉𝑏

(

𝜕𝑉𝑏
𝜕𝜎ℎ

d𝜎ℎ +
𝜕𝑉𝑏
𝜕𝑝

d𝑝
)

= 𝐶𝑏𝜎ℎd𝜎ℎ + 𝐶𝑏𝑝d𝑝. (28)

This equation holds generally and does not assume a fixed bulk volume. Biot’s coefficient (𝛼) is defined as: 

𝛼 = 1 −
𝐶𝑚
𝐶𝑏𝜎ℎ

= 1 −
𝐾𝑏𝜎ℎ
𝐾𝑚

, (29)

where 𝐾𝑏𝜎ℎ  and 𝐾𝑚 represent the bulk moduli of the saturated porous media and solid phase, respectively. Then, Eq. (28) can be 
rewritten as: 

d𝜀𝑣𝑜𝑙 = 𝐶𝑏𝜎ℎ (d𝜎ℎ + 𝛼d𝑝). (30)

Now, the variation of porosity 𝑛𝑝 with respect to pore pressure and hydrostatic stress 𝜎ℎ is given by: 
𝜕𝑛𝑝
𝜕𝑝

= 1
𝑉
𝜕𝑉𝑝
𝜕𝑝

−
𝑛𝑝
𝑉
𝜕𝑉𝑏
𝜕𝑝

. (31)

𝑏 𝑏
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While for the volume control (𝑉𝑏), we find: 
𝜕𝑛𝑝
𝜕𝑝

= 𝑛𝑝𝐶𝑝𝑝 = 𝐶𝑏𝜎ℎ − (1 + 𝑛𝑝)𝐶𝑚 = (𝛼 − 𝑛𝑝 + 𝑛𝑝𝛼)𝐶𝑏𝜎ℎ . (32)

Similarly, 
𝜕𝑛𝑝
𝜕𝜎ℎ

= 𝑛𝑝𝐶𝑝𝜎ℎ = 𝐶𝑏𝜎ℎ − 𝐶𝑚 = 𝛼𝐶𝑏𝜎ℎ . (33)

One can then reformulate Eq. (25) considering Eqs. (32)–(33), such that: 

d𝜁𝑓𝑙 = 𝜌𝑓𝑙

(

(𝛼 − 𝑛𝑝 + 𝑛𝑝𝛼)𝐶𝑏𝜎ℎd𝑝 + 𝛼𝐶𝑏𝜎ℎ

(

1
𝐶𝑏𝜎ℎ

d𝜀𝑣𝑜𝑙 − 𝛼d𝑝
))

+ 𝑛𝑝
𝜕𝜌𝑓𝑙
𝜕𝑝

d𝑝. (34)

Rearranging yields: 

d𝜁𝑓𝑙 = 𝜌𝑓𝑙

(

(1 − 𝛼)(𝛼 − 𝑛𝑝)𝐶𝑏𝜎ℎ + 𝑛𝑝
1
𝜌𝑓𝑙

𝜕𝜌𝑓𝑙
𝜕𝑝

)

d𝑝 + 𝜌𝑓𝑙𝛼d𝜀𝑣𝑜𝑙 = 𝜌𝑓𝑙𝑆d𝑝 + 𝜌𝑓𝑙𝛼d𝜀𝑣𝑜𝑙 , (35)

where 𝑆 is the storage coefficient, defined as: 

𝑆 = (1 − 𝛼)(𝛼 − 𝑛𝑝)𝐶𝑏𝜎ℎ + 𝑛𝑝𝐶𝑓𝑙 =
(1 − 𝛼)(𝛼 − 𝑛𝑝)

𝐾𝑏𝜎ℎ
+ 𝑛𝑝𝐶𝑓𝑙 , (36)

where fluid compressibility is defined as 𝐶𝑓𝑙 = 1
𝜌𝑓𝑙

𝜕𝜌𝑓𝑙
𝜕𝑝 .

As the volumetric strain 𝜀𝑣𝑜𝑙 and pore pressure 𝑝 vary over time, the rate of change of fluid mass content can be expressed using 
Eq. (35) as: 

𝜁̇𝑓𝑙 = 𝜌𝑓𝑙𝑆 𝑝̇ + 𝜌𝑓𝑙𝛼 𝜀̇𝑣𝑜𝑙 , (37)

Finally, substituting Eq. (37) into the fluid mass conservation equation, Eq. (3)c, yields: 

𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜀̇𝑣𝑜𝑙
)

+ ∇ ⋅
(

−𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝

)

= 𝑞𝑚. (38)

2.3. Constitutive equations of poroelasticity

The strain–stress relationship for a material in the absence of pore pressure is given by: 
𝜺 = 𝑪−1 ∶ 𝝈, (39)

where 𝑪−1 denotes the compliance tensor of elasticity. Since the static pore pressure of fluid flow does not transmit shear stress to 
the solid structure and is negligible at low flow speeds, its effect is limited to volume changes within the domain, which can be 
modelled as follows: 

𝜺 = 𝑪−1 ∶ 𝝈 + 1
3
𝐶𝑏𝑝𝑝𝑰 = 𝑪−1 ∶ 𝝈 + 𝛼

3𝐾𝑏𝜎ℎ
𝑝𝑰 . (40)

Using Biot’s coefficient, as defined in Eq. (29) and considering an effective stress 𝝈𝑒𝑓𝑓 , which represents the stress carried by 
the solid skeleton, the total stress can be expressed as: 

𝝈 = 𝑪 ∶ 𝜺 − 𝛼𝑝𝑰 = 𝝈𝑒𝑓𝑓 − 𝛼𝑝𝑰 . (41)

2.4. Coupling phase field and fluid equation

The microstructure of the solid comprises a porous matrix interspersed with microcracks. The fluid-filled pores constitute the 
material’s intrinsic porosity, with the fluid pressure being governed by Biot’s theory of poroelasticity through the principle of 
effective stress. These pores reside within the intact material and are incorporated into the continuum-scale balance equations. 
Microcracks can initiate or grow due to damage evolution, potentially coalescing into macroscopic fractures and serving as conduits 
for fluid transport. Their behaviour is captured by the phase field variable, which represents crack initiation and propagation. 
Physically, this scale separation assumes that microcracks are significantly smaller than the representative volume element (RVE) 
and interact with the surrounding pore network primarily by altering porosity, permeability, and fluid pressure distribution. The 
impact of microcracks on these properties may be negligible at low levels of damage (low 𝜙 values) but becomes more significant 
as the material approaches full fracture (𝜙 → 1). This assumption is prevalent in phase field models of hydraulic fracture, where 
the phase field impacts permeability and may also influence the effective stress and porosity. While more detailed models could 
explicitly resolve interactions between individual microcracks and pores at a finer scale based on micromechanics [55–57], such 
approaches can be more complex in terms of implementation. Instead, our model adopts a homogenised approach, balancing physical 
accuracy with computational efficiency. In this section, we discuss three different methods for incorporating the effects of phase 
field evolution into the fluid equations.
7 
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Fig. 3. Reservoir (𝛺𝑟), transient (𝛺𝑡), and fracture (𝛺𝑓 ) domains identified by phase field variable 𝜙.

The poroelastic theory can be combined with the phase field fracture framework by applying Biot’s theory of effective stress. 
Using Eq. (8), the effective stress is defined as: 

𝝈𝑒𝑓𝑓 = 𝑔(𝜙)
𝜕𝜓𝑑 (𝜺)
𝜕𝜺

+
𝜕𝜓𝑠(𝜺)
𝜕𝜺

. (42)

Substituting Eqs. (41) and (42) into the linear momentum equation ((3)a), we obtain: 

∇ ⋅
(

𝝈𝑒𝑓𝑓 − 𝛼𝑝𝑰
)

+ 𝐛 = 0. (43)

There are several methods to couple fluid effects and the phase field equation. One approach, based on the work by Lee et al. [20], 
is referred to as the domain decomposition method and has been utilised in other studies [21,58]. This method involves dividing 
the domain into three distinct regions: the reservoir (𝛺𝑟), fracture (𝛺𝑓 ), and transient (𝛺𝑡) domains, as illustrated in Fig.  3. These 
zones are identified using linear indicator functions 𝜒𝑟 and 𝜒𝑓 , which depend on the phase field variable 𝜙 and material constants 
𝑐1 and 𝑐2: 

𝜒𝑟 (𝜙) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 𝜙 ≤ 𝑐1
𝑐2−𝜙
𝑐2−𝑐1

𝑐1 < 𝜙 < 𝑐2

0 𝑐2 ≤ 𝜙,

𝜒𝑓 (𝜙) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 𝜙 ≤ 𝑐1
𝜙−𝑐1
𝑐2−𝑐1

𝑐1 < 𝜙 < 𝑐2

1 𝑐2 ≤ 𝜙,

(44)

where the material constants 𝑐1 and 𝑐2 determine whether a given point in the domain belongs to the reservoir, fracture, or transient 
zones. The continuity equation (Eq. (38)) describes the fluid flow in the reservoir domain. This equation can also be applied to the 
fracture domain by setting 𝑆 = 𝐶𝑓𝑙 and neglecting the volumetric strain rate term, 𝜀̇𝑣𝑜𝑙. In the transient zone, the fluid equation is 
formulated to ensure mass conservation is continuous across all domains and at their boundaries. This approach can be interpreted 
as an implicit method for capturing the influence of microcracks on fluid behaviour. Thus, fluid and solid parameters between the 
reservoir and fracture domains are then interpolated as follows: 

𝛼 = 𝜒𝑟𝛼𝑟 + 𝜒𝑓 (45)

𝑛𝑝 = 𝜒𝑟𝑛𝑝𝑟 + 𝜒𝑓 (46)

𝑲𝑓𝑙 = 𝜒𝑟𝑲𝑟 + 𝜒𝑓𝑲𝑓 , (47)

where 𝛼𝑟 and 𝑛𝑝𝑟 are Biot’s coefficient and porosity of the reservoir. In the fracture domain, 𝛼 = 1 and 𝑛𝑝 = 1, while 𝑲𝑟 and 
𝑲𝑓  represent the permeability tensors of the reservoir and fracture domains, respectively. The assumption of linear interpolation of 
properties between the reservoir and the fracture zone is arguably the simplest one but dedicated experiments are needed to establish 
more physically-based interpolation functions, with particular attention to complex scenarios, such as highly confined states where 
grain crushing and compaction can occur.

An alternative method, proposed by Miehe et al. [15], considers Poiseuille-type flow within the crack by modifying Darcy’s law 
to define fracture permeability as follows: 

𝐾f =
𝑤2
ℎ

12
(

𝑰 − 𝐧𝜙 ⊗ 𝐧𝜙
)

, (48)

where 𝐧𝜙 is the crack normal vector defined by the phase field gradient (𝐧𝜙 = ∇𝜙∕|∇𝜙|), and 𝑤ℎ is the crack opening calculated 
using the element size ℎ : 
𝑒

8 



Y. Navidtehrani et al. Computer Methods in Applied Mechanics and Engineering 444 (2025) 118155 
𝑤ℎ = ⟨

‖

‖

‖

ℎ𝑒
(

1 + 𝐧𝜙 ⋅ 𝜺 ⋅ 𝐧𝜙
)

‖

‖

‖

⟩+. (49)

The permeability tensor for the modified Darcy approach is then: 

𝑲𝑓𝑙 = 𝑲𝑟 + 𝜙𝑏𝑲𝑓 , (50)

where 𝑏 is a permeability transient indicator.
We here propose a third method, combining these two approaches, which is henceforth referred to as the hybrid permeability 

method. In this hybrid method, we use the domain decomposition approach but adopt the definition of 𝑲𝑓  from Eq. (48) as
follows: 

𝑲𝑓𝑙 = 𝜒𝑟𝑲𝑟 + 𝜙𝑏𝜒𝑓𝑲𝑓 . (51)

The hybrid method leverages the advantages of both the domain decomposition and modified Darcy methods while addressing 
their respective limitations. As demonstrated in Section 4.1, the domain decomposition method does not account for the effect of 
crack opening on permeability. Additionally, it assumes a uniform permeability raise across the fracture region in all directions, 
whereas, in reality, permeability enhancement occurs primarily along the crack direction. In contrast, the modified Darcy method 
incorporates an anisotropic permeability tensor, effectively capturing directional permeability changes. However, this effect becomes 
significant at an unrealistic distance from the crack region. To mitigate this issue, the characteristic length scale must be chosen 
sufficiently small, but this, in turn, increases computational costs by constraining the element size. The proposed hybrid method 
addresses these limitations by combining the strengths of both approaches. A hybrid approach offers greater flexibility in calibrating 
parameters with experimental data. Additionally, by leveraging the advantages of the domain decomposition method, the influence 
of microcracks can be accounted for through the phase field value while also enabling a more precise representation of permeability 
through cracks. Microcracks can significantly influence permeability and other material properties, such as Biot’s coefficient and 
porosity. Their effects, along with their evolution, can be captured through the phase field variable by appropriately selecting the 
parameters 𝑐1 and 𝑐2. These parameters can be calibrated experimentally, for example, through permeability testing of fractured 
rock samples. In such laboratory core tests, specimens are subjected to controlled fluid flow while measuring the resulting pressure 
drop and flow rate. These measurements are then used to estimate the effective permeability and infer suitable values for 𝑐1 and 𝑐2
through numerical modelling.

The general form of the fluid flow equation, applicable to all methods discussed, is as follows: 

𝜌𝑓𝑙
(

𝑆(𝛼(𝜙), 𝑛𝑝(𝜙))𝑝̇ + 𝛼(𝜙)𝜒𝑟(𝜙)𝜀̇𝑣𝑜𝑙
)

+ ∇ ⋅
(

−𝜌𝑓𝑙
𝑲𝑓𝑙(𝜙)
𝜇𝑓𝑙

∇𝑝
)

= 𝑞𝑚. (52)

where the permeability can be defined based on mentioned method as follows: 

𝑲𝑓𝑙 =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜒𝑟𝐾𝑟𝑰 + 𝜒𝑓𝐾𝑓 𝑰 Domain decomposition method (Lee et al. [20])

𝐾𝑟𝑰 + 𝜙𝑏
[

𝑤2
ℎ

12
(

𝑰 − 𝐧𝜙 ⊗ 𝐧𝜙
)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑲𝑓

Modified Darcy method (Miehe et al. [15])

𝜒𝑟𝐾𝑟𝑰 + 𝜒𝑓𝜙𝑏
[

𝑤2
ℎ

12
(

𝑰 − 𝐧𝜙 ⊗ 𝐧𝜙
)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑲𝑓

Hybrid method (Present work)

. (53)

A challenging aspect common to the modified Darcy method and our hybrid formulation is the complexity of estimating 𝐧𝜙
accurately [59], particularly at points near the crack tip or where the phase field gradient vanishes. Various approaches have 
been presented to overcome this (see, e.g., Refs. [60,61]). Here, a new protocol is established, whereby 𝐧𝜙 is estimated in those 
complicated regions using the phase field gradient of a neighbouring integration point. The detailed procedure is presented in 
Algorithm 1. The first step is to determine, for each integration point, whether we are near a crack (𝜙 > 0.5) or if the phase field 
gradient is zero. If one of these conditions is met, the second step involves identifying the closest neighbouring Gauss point where 
𝜙 = 1 and |∇𝜙| ≠ 0. In the third step, the cosine of the angle between the phase field gradient vectors of the current point and the 
neighbouring integration point is computed. If the cosine exceeds 0.866 (i.e., the angle between the vectors is less than 30◦, implying 
that the point is near to the crack, but not close to the crack tip), the gradient direction at the current point is considered reliable 
9 



Y. Navidtehrani et al. Computer Methods in Applied Mechanics and Engineering 444 (2025) 118155 
and used for computing 𝐧𝜙. Otherwise, if the cosine is below this threshold, indicating proximity to the crack tip, the gradient at 
the neighbouring Gauss point is adopted for the current point.

Algorithm 1 Determination of crack direction near the crack tip or at points with zero phase field gradient
1: Check if 𝜙 > 0.5 or |∇𝜙| = 0 at the current integration point.
2: if then 𝜙 > 0.5 or |∇𝜙| = 0
3:  Identify the nearest neighboring point with 𝜙neighbour = 1 and |∇𝜙neighbour| ≠ 0.

4:  Compute cos 𝜃 =
∇𝜙 ⋅ ∇𝜙neighbour
|∇𝜙||∇𝜙neighbour|

.

5:  if then cos 𝜃 < 0.866
6:  𝐧𝜙 = ∇𝜙neighbour∕|∇𝜙neighbour|.
7:  else
8:  𝐧𝜙 = ∇𝜙∕|∇𝜙|.
9:  end if
10: end if

3. Numerical implementation

We proceed to describe a general implementation of our model, considering the weak and discretised versions of the balance 
equations (Section 3.1), the computation of the material Jacobian (Section 3.2) and the solution scheme (Section 3.3).

3.1. Weak formulation and finite element implementation

To implement the formulation presented in Section 2 within a finite element framework, the weak form of the coupled governing 
equations in Eq. (3) is constructed, using the test functions 𝛿𝐮, 𝛿𝜙, and 𝛿𝑝: 

∫𝛺

{

(

𝝈𝑒𝑓𝑓 − 𝛼𝑝𝑰
)

∶ 𝛿𝜺 − 𝐛 ⋅ 𝛿𝐮
}

d𝑉 = ∫𝜕𝛺
(𝐓 ⋅ 𝛿𝐮) d𝑆, (54)

∫𝛺

{

𝑔′(𝜙)𝛿𝜙 + 1
2𝑐𝑤

𝐺𝑐
[ 1
2𝓁
𝑤′(𝜙)𝛿𝜙 − 𝓁∇𝜙 ⋅ ∇𝛿𝜙

]

}

d𝑉 = 0, (55)

∫𝛺

{

(

𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟𝜀̇𝑣𝑜𝑙
)

− 𝑞𝑚
)

𝛿𝑝 +
𝜌𝑓𝑙
𝜇𝑓𝑙

(𝑲𝑓𝑙∇𝑝) ⋅ ∇𝛿𝑝
}

d𝑉 + ∫𝜕𝛺
𝛿𝑝𝐪 ⋅ 𝐧d𝑆 = 0, (56)

The primary variables 𝐮, 𝜙, and 𝑝 are approximated using the shape functions 𝑁𝑖 corresponding to node 𝑖 as follows: 

𝐮 =
𝑛
∑

𝑖
𝐍𝑖𝐮𝑖, 𝜙 =

𝑛
∑

𝑖
𝑁𝑖𝜙𝑖, 𝑝 =

𝑛
∑

𝑖
𝑁𝑖𝑝𝑖. (57)

The gradients of these variables are computed by differentiating the shape functions with respect to the spatial coordinates, 
resulting in the following 𝑩-matrices: 

𝜺 =
𝑛
∑

𝑖
𝑩𝑢
𝑖 𝐮𝑖, ∇𝜙 =

𝑛
∑

𝑖
𝑩𝑖𝜙𝑖, ∇𝑝 =

𝑛
∑

𝑖
𝑩𝑖𝑝𝑖. (58)

Using the approximations in Eqs. (57) and (58), the nodal residuals are expressed as:

𝐑𝐮
𝑖 = ∫𝛺

{

(

𝑩𝐮
𝑖
)𝑇 (𝝈𝑒𝑓𝑓 − 𝛼𝑝𝑰) − 𝐍𝑇𝑖 𝐛 − 𝐍𝑇𝑖 𝐓

}

d𝑉 , (59)

𝑅𝜙𝑖 = ∫𝛺

{

𝑔′(𝜙)𝑁𝑖 +
𝐺𝑐

2𝑐𝑤𝓁

[

𝑤′(𝜙)
2

𝑁𝑖 + 𝓁2 (

𝑩𝑖
)𝑇 ∇𝜙

]}

d𝑉 , (60)

𝑅𝑝𝑖 = ∫𝛺

[

(

𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟𝜀̇𝑣𝑜𝑙
)

− 𝑞𝑚
)

𝑁𝑖 + 𝑩𝑇
𝑖

(

𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝

)]

d𝑉 − ∫𝜕𝛺
𝑁𝑖𝑞 d𝑆. (61)

The stiffness matrix is obtained by taking the variation of the residual with respect to each relevant primary variable:

𝑲𝐮
𝑖𝑗 =

𝜕𝐑𝒖
𝑖

𝜕𝒖𝑗
= ∫𝛺

{

(𝑩𝐮
𝑖 )
𝑇𝑪 𝑩𝐮

𝑗

}

d𝑉 , (62)

𝑲𝜙
𝑖𝑗 =

𝜕𝑅𝜙𝑖
𝜕𝜙𝑗

= ∫𝛺

{(

𝑔′′(𝜙) +
𝐺𝑐

4𝑐𝑤𝓁
𝑤′′(𝜙)

)

𝑁𝑖𝑁𝑗 +
𝐺𝑐𝓁
2𝑐𝑤

𝑩𝑇
𝑖 𝑩𝑗

}

d𝑉 , (63)

𝑲𝑝
𝑖𝑗 =

𝜕𝑅𝑝𝑖
𝜕𝑝𝑗

= ∫𝛺

{

1
𝛿𝑡
𝑁𝑖

(

𝜌𝑓𝑙𝑆
)

𝑁𝑗 + (𝑩𝑖)𝑇 ⋅
(

𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙

)

⋅ 𝑩𝑗 −𝑁𝑖
𝜕𝑞𝑚
𝜕𝑝

𝑁𝑗

}

d𝑉 − ∫𝜕𝛺
𝑁𝑖
𝜕𝑞
𝜕𝑝
𝑁𝑗 d𝑆, (64)

where 𝑪 represents the Jacobian, obtained by taking the second variation of the strain energy with respect to the strain tensor.
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3.2. Computation of the material Jacobian

The computation of the material Jacobian is intrinsically linked to the choice of strain energy decomposition. Let us start by 
expressing the strain energy density as a function of the undamaged strain energy 𝜓0 (𝜺) and the stored strain energy 𝜓𝑠 (𝜺), such 
that 

𝜓 (𝜺, 𝜙) = 𝑔 (𝜙)𝜓0 (𝜺) + (1 − 𝑔 (𝜙))𝜓𝑠 (𝜺) , (65)

where the tangential stiffness tensor is given by: 

𝑪 = 𝑔 (𝜙)
𝜕2𝜓0

𝜕𝜺2
+ (1 − 𝑔 (𝜙))

𝜕2𝜓𝑠
𝜕𝜺2

= 𝑔 (𝜙)𝑪0 + (1 − 𝑔 (𝜙))𝑪𝑠, (66)

Here, 𝑪0 and 𝑪𝑠 are the tangential stiffness tensors for the undamaged and fully cracked configurations, respectively. Calculating 
𝑪𝑠 provides the anisotropic tangential stiffness tensor 𝑪 .

The strain energy splits defined in Section 2.1.1 can be divided into two main groups. The first group includes those based on 
the strain tensor in its original form (i.e., without rotations), such as the volumetric-deviatoric split [49] and the Drucker–Prager 
model [39,41]. The second group is based on principal strains, such as spectral decomposition [50] and the no-tension model [51]. 
The first group can be directly obtained by differentiation with respect to the strain tensor, whereas for the second group, the 
Jacobian is first determined for the principal directions and subsequently rotated to the original coordinate system.

For the first group, it can be shown that the volumetric-deviatoric split is a special case of the Drucker–Prager model when 𝐵 = 0. 
Hence, let us derive 𝑪𝑠 for the Drucker–Prager model and particularise later. Thus, 

𝑪𝑠 =
𝜕2𝜓𝑠
𝜕𝜺2

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0 if − 6𝐵
√

𝐽2(𝜺) < 𝐼1(𝜺),

𝑪𝐷𝑃
𝑠 if − 6𝐵

√

𝐽2(𝜺) ≥ 𝐼1(𝜺) & 2𝜇
√

𝐽2(𝜺) ≥ 3𝐵𝐾𝐼1(𝜺),

𝑪0 if 2𝜇
√

𝐽2(𝜺) < 3𝐵𝐾𝐼1(𝜺).

(67)

where 𝑪𝐷𝑃
𝑠  is defined as: 

(𝐶𝐷𝑃𝑠 )𝑖𝑗𝑘𝑙 =
𝐾𝜇

9𝐵2𝐾 + 𝜇

(

𝜕𝐼1
𝜕𝜀𝑖𝑗

+ 3𝐵
√

𝐽2

𝜕𝐽2
𝜕𝜀𝑖𝑗

)(

𝜕𝐼1
𝜕𝜀𝑘𝑙

+ 3𝐵
√

𝐽2

𝜕𝐽2
𝜕𝜀𝑘𝑙

)

+

⎛

⎜

⎜

⎜

⎝

6𝐵𝑎1
(

𝐼1 + 6𝐵
√

𝐽2
)

√

𝐽2

⎞

⎟

⎟

⎟

⎠

(

𝜕2𝐽2
𝜕𝜀𝑖𝑗𝜕𝜀𝑘𝑙

− 1
2𝐽2

𝜕𝐽2
𝜕𝜀𝑖𝑗

𝜕𝐽2
𝜕𝜀𝑘𝑙

)

.

(68)

Considering 𝐵 = 0 in Eqs. (67)–(68), renders the material Jacobian for the volumetric-deviatoric split.
For the second group, the Jacobian in the principal direction 𝑪 ′

𝑠 is calculated. For the spectral decomposition, the fully cracked 
stiffness tensor in the principal direction is given by: 

(𝐶 ′
𝑠)𝑖𝑗𝑘𝑙 =

1 − sgn
(

𝐼1(𝝐)
)

2
𝛿𝑖𝑗𝛿𝑘𝑙𝜆 + 2𝜇

(

𝛿𝑖𝑗𝛿𝑘𝑙 −
𝜕2𝐼2(𝝐−)
𝜕𝜖−ij 𝜕𝜖

−
kl

)

𝜕𝜖−𝑖𝑗
𝜕𝜖ij

𝜕𝜖−𝑘𝑙
𝜕𝜖kl

, (69)

where 𝛿𝑖𝑗 is the Kronecker delta. The variation 𝜕𝜖−𝑖𝑗∕𝜕𝜖ij is defined as: 

𝜕𝜖−𝑖𝑗
𝜕𝜖ij

=

⎧

⎪

⎨

⎪

⎩

0 𝜖𝑖𝑗 > 0,
1
2 𝜖𝑖𝑗 = 0,

1 𝜖𝑖𝑗 < 0.

, sgn(𝑥) =

⎧

⎪

⎨

⎪

⎩

1 𝑥 > 0,
0 𝑥 = 0,
−1 𝑥 < 0.

(70)

For the no-tension model, the material Jacobian in the principal direction is: 

(𝐶 ′
𝑠)𝑖𝑗𝑘𝑙 =

𝜕𝜓𝑠
𝜕𝜖𝑖𝑗𝜕𝜖𝑘𝑙

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 𝜖1 > 0,

𝛿𝑖1𝛿𝑗1𝛿𝑘1𝛿𝑙1 𝐸 𝜖2 + 𝜈𝜖1 > 0,

𝛿𝑖𝑗𝛿𝑘𝑙(1 − 𝛿𝑖3)
(

𝛿𝑖𝑘 + (1 − 𝛿𝑘3) 𝜈
) 𝐸

1−𝜈2 (1 − 𝜈)𝜖3 + 𝜈(𝜖1 + 𝜖2) > 0,

𝑪0 else

(71)

The tangential stiffness matrix in the original direction 𝑪 is obtained by rotating 𝑪 ′ using: 
𝐶𝑞𝑟𝑠𝑡 = 𝑎𝑞𝑖𝑎𝑟𝑗𝑎𝑠𝑘𝑎𝑡𝑙𝐶

′
𝑖𝑗𝑘𝑙 , (72)

where 𝒂 is the transpose of the direction cosines matrix for the principal directions, 𝒂′ = [𝒗1, 𝒗2, 𝒗3], with 𝒗1, 𝒗2, and 𝒗3 as the 
principal vectors of the strain tensor, satisfying: 

(𝜺 − 𝜖𝑖𝑖𝑰) ⋅ 𝒗𝑖 = 0, (73)

for 𝑖 = 1, 2, 3, and 𝑰 as the identity matrix.
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Table 2
Selection of variables for steps 4 to 6 of Algorithm 2 based on the solution scheme. In 𝑓 𝑖𝑛, the subscript 𝑛 represents the time 
increment number, while the superscript 𝑖 denotes the iteration number.
 Solution scheme Step 4 Step 5 Step 6
 u 𝜙 𝑝  𝜙 𝜀̇𝑣𝑜𝑙 𝜙 𝑝  
 Monolithic 𝐮𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖𝑛+1 𝑖

𝑛+1 𝜙𝑖𝑛+1 (𝜀̇𝑣𝑜𝑙)𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖𝑛+1  Single-pass staggered 𝐮𝑖𝑛+1 𝜙𝑛 𝑝𝑛 𝑛 𝜙𝑖𝑛+1 (𝜀̇𝑣𝑜𝑙)𝑛 𝜙𝑛 𝑝𝑖𝑛+1  Multi-pass staggered 𝐮𝑖𝑛+1 𝜙𝑖−1𝑛+1 𝑝𝑖−1𝑛+1 𝑖−1
𝑛+1 𝜙𝑖𝑛+1 (𝜀̇𝑣𝑜𝑙)𝑖−1𝑛+1 𝜙𝑖−1𝑛+1 𝑝𝑖𝑛+1  Mixed monolithic 𝐮𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖−1𝑛+1 𝑖
𝑛+1 𝜙𝑖𝑛+1 (𝜀̇𝑣𝑜𝑙)𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖𝑛+1  Mixed staggered 𝐮𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖−1𝑛+1 𝑛 𝜙𝑖𝑛+1 (𝜀̇𝑣𝑜𝑙)𝑖𝑛+1 𝜙𝑖𝑛+1 𝑝𝑖𝑛+1 

3.3. Solution scheme

After computing all necessary components of residual and stiffness matrices, we can solve the nonlinear coupled equations using 
an iterative procedure based on the Newton–Raphson method. The algorithm is detailed in Algorithm 2. As shown, the coupled 
stiffness matrices are omitted (𝑲𝐮,𝜙 = 0, 𝑲𝐮,𝑝 = 0, 𝑲𝜙,𝑝 = 0). While these stiffness matrices can enhance the convergence rate for 
strongly coupled equations, solving the equations separately reduces the size of subproblem, thereby saving computational time and 
storage per iteration, resulting in less computational effort overall.

Algorithm 2 Solution algorithm for phase field hydraulic fracture in [𝑡𝑛, 𝑡𝑛+1]
1: Input: Displacement field 𝐮𝑛, phase field 𝜙𝑛, history field 𝑛, and fluid pressure field 𝑝𝑛 at time 𝑡𝑛.
2: Initialization: Set the initial guess for Newton-Raphson iterations at 𝑡𝑛+1: 𝐮0𝑛+1, 𝜙0

𝑛+1, 𝑝0𝑛+1. Initialize the iteration counter 𝑖 = 0.
3: repeat
4:  Compute 𝐑𝐮 and 𝑲𝐮 for the variables 𝐮, 𝜙, 𝑝*.
5:  Compute 𝐑𝜙 and 𝑲𝜙 for the variables , 𝜙*.
6:  Compute 𝐑𝑝 and 𝑲𝑝 for the variables 𝜀̇𝑣𝑜𝑙, 𝜙, 𝑝*.
7:  Solve the coupled system of equations for 𝐮𝑖+1𝑛+1, 𝜙𝑖+1𝑛+1, 𝑝𝑖+1𝑛+1 using: 

⎡

⎢

⎢

⎣

𝐮𝑖+1
𝜙𝑖+1

𝑝𝑖+1

⎤

⎥

⎥

⎦𝑡𝑛+1

=
⎡

⎢

⎢

⎣

𝐮𝑖
𝜙𝑖

𝑝𝑖

⎤

⎥

⎥

⎦𝑡𝑛+1

−
⎡

⎢

⎢

⎣

𝑲𝐮 0 0
0 𝑲𝜙 0
0 0 𝑲𝑝

⎤

⎥

⎥

⎦

−1

𝑡

⎡

⎢

⎢

⎣

𝐑𝐮

𝐑𝜙
𝐑𝑝

⎤

⎥

⎥

⎦𝑡

. (74)

8:  Compute the norm of the residual for the updated variables, ||𝐑(𝐮𝑖+1𝑛+1, 𝜙
𝑖+1
𝑛+1, 𝑝

𝑖+1
𝑛+1)||.

9:  if ||𝐑|| < TOL then
10:  Converged. Proceed to the next time increment 𝑡𝑛+2.
11:  else
12:  Increment the iteration counter 𝑖 ← 𝑖 + 1.
13:  end if
14: until Convergence is achieved.
* The variables are selected based on the solution scheme described in Table  2.

Various solution schemes exist for coupled equations, such as the monolithic and staggered schemes [62,63]. In the monolithic 
scheme, all equations are solved simultaneously, updating all variables in each equation. In contrast, the staggered method updates 
only the primary variable of an equation while using variables of other equations from the previous increment (single-pass staggered) 
or the last iteration (multi-pass staggered). The monolithic scheme is unconditionally stable, allowing for larger time increments, 
but it often requires more iterations to achieve convergence due to the highly nonlinear behaviour. On the other hand, the staggered 
scheme converges with fewer iterations but requires smaller time increments for accurate results.

The required variables in steps 4 to 6 of Algorithm 2 for different solution schemes are shown in Table  2. A combination of 
monolithic and staggered approaches can be used for systems with more than two coupled equations. For example in the mixed 
monolithic scheme, the linear momentum equation and phase field evolution equation are solved using the monolithic scheme, 
while the fluid equation is solved with the other two in a multi-pass staggered manner. In the mixed staggered scheme, the linear 
momentum and phase field evolution equations are solved using a single-pass staggered scheme, while the fluid equation is solved 
with a multi-pass staggered approach.

As described in Appendix, we implement this framework, and the solution schemes provided in Table  2, within the commercial 
finite element package Abaqus. A novel procedure is exploited to carry out the numerical implementation at the integration point 
level, without the need to define residuals and stiffness matrices, which are here provided for the sake of generality.
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Table 3
Material and model parameters for the first case study, aimed at investigating the permeability-phase field coupling.
 Parameter Symbol Value Unit  
 Young’s modulus 𝐸 50 GPa  
 Poisson’s ratio 𝜈 0.3 –  
 Characteristic length scale 𝓁 0.5 m  
 Critical fracture energy 𝐺𝑐 106 J/m2  
 Biot’s coefficient of reservoir domain 𝛼𝑟 0.002 –  
 Porosity of reservoir domain 𝜀𝑝𝑟 0.002 –  
 Density of the fluid 𝜌𝑓𝑙 1000 kg/m3 
 Dynamic viscosity of the fluid 𝜇𝑓𝑙 0.001 Pa s  
 Compressibility of fluid 𝑐𝑓𝑙 10−8 Pa−1  
 Permeability of reservoir domain 𝐾𝑟 0 m2  
 Permeability of fracture domain 𝐾𝑓 1 m2  

4. Numerical experiments

Four case studies are extensively investigated to evaluate the proposed methods and highlight the relevance of the two novel 
ingredients proposed: the Drucker–Prager-based split and the hybrid permeability approach. In the first case study (Section 4.1), we 
analysed a rectangular domain with a central vertical crack to examine the coupling effects between the phase field variable and 
the permeability tensor. This configuration allowed us to assess how the phase field influences permeability in fractured regions, 
demonstrating the efficacy of the hybrid permeability approach presented. The second case study, presented in Section 4.2, focused 
on a stick–slip problem, illustrating the capability of the Drucker–Prager-based split method to model stick–slip behaviour accurately. 
This example highlights the suitability of the Drucker–Prager-based split in simulating stress redistribution and frictional resistance 
in geotechnical applications. The third case study (Section 4.3) investigated the influence of different fracture-fluid coupling methods 
and strain energy decompositions as the driving force for fracture propagation in a crack interaction problem. By considering 
different decomposition approaches, we evaluated how different fracture-driving mechanisms affect crack growth and interaction. 
Finally, the fourth case study, presented in Section 4.4 involved modelling an axisymmetric domain with initial stress, subjected 
to fluid injection to simulate multiaxial conditions. This scenario allowed us to assess the applicability of the proposed framework 
under complex loading conditions, relevant to subsurface applications involving fluid-driven fracture under multiaxial stress states. 
Unless otherwise stated, the AT2 model is employed.

4.1. Influence of the approach adopted to model the coupling between permeability and phase field

We begin by investigating the impact of various coupling methods between permeability and phase field. This study examines 
three distinct coupling strategies, as discussed in Section 2.4. The problem setup involves a rectangular domain with a vertical crack 
located at the centre, see Fig.  4. The focus of this analysis is on fluid behaviour within the crack rather than crack propagation. 
To this end, a pre-existing vertical fracture is introduced at the centre of the domain. Fluid pressure is applied with the following 
boundary conditions: (i) a 𝑝 = 0 Pa pressure at the top, maintained constant throughout the analysis, and (ii) a linearly increasing 
pressure going from 0 to 𝑝 = 5 Pa over 100 s. Both lateral boundaries are considered impermeable. Following the application of 
pressure, a horizontal displacement of 𝑢𝑥 = 0.1 m is imposed on the left boundary over an additional 100 s to investigate the effect 
of crack opening under the different coupling methods. The material parameters, as outlined in Table  3, are chosen for illustrative 
purposes and are not intended to represent realistic values. For example, the critical fracture energy release rate, 𝐺𝑐 , is set to a very 
high value (106 J/m2) to prevent crack propagation during the pressure loading phase. The domain is discretised using a uniform 
mesh of bilinear quadrilateral elements, each with a size of 10 cm. This analysis primarily focuses on the phase field fracture AT2 
model. However, for the sake of completeness, the effect of the coupling method on the AT1 model is also investigated.

Before analysing the effects of different coupling methods on fluid flux, we first examine their impact on pressure distribution 
within the domain. Fig.  5 compares the pressure distribution for the three coupling methods considered to simulate the interplay 
between permeability and phase field. In Fig.  5a, the pressure distribution is shown for the domain decomposition and hybrid 
methods. With reservoir permeability 𝐾𝑟 = 0, the pressure in that region is zero and is only distributed across the transient and 
fracture domains. In contrast, Fig.  5b displays a uniform pressure distribution for the modified Darcy method due to element size 
contributions to crack width (𝑤ℎ = ⟨|ℎ𝑒(1 + 𝐧𝜙 ⋅ 𝜺 ⋅ 𝐧𝜙)|⟩+), influencing permeability in such a way that there is no region in the 
domain with zero permeability. Thus, the modified Darcy method introduces artificial permeability in the undamaged region, which 
does not accurately reflect physical behaviour. In contrast, the domain decomposition method and the proposed hybrid method 
preserve the physical permeability of the undamaged region.

Additional, quantitative insight can be gained by plotting the flux distribution, as shown in Fig.  6 for the case of the domain 
decomposition method [20]. The results are obtained using domain indicator variables, see Eq. (44), with three material constant 
sets, 𝑆𝑛 = {𝑐1, 𝑐2}: 𝑆1 = {0.5, 0.8}, 𝑆2 = {0.5, 1}, and 𝑆3 = {0.8, 1}. With no phase field evolution (constant 𝜙), the permeability tensor 
𝑲𝑓𝑙 is constant across the domain and time. The fluid flux for each set is shown in Fig.  6a–c, with a comparison of all sets being 
given in Fig.  6d. The division of the domain into three regions based on 𝜙 values and material constants 𝑐1 and 𝑐2 is illustrated in 
Fig.  6a–c. Reservoir permeability is equal where 𝜙 < 𝑐1, while fracture domain permeability, 𝐾𝑓 , applies where 𝜙 > 𝑐2. The transient 
domain’s permeability varies linearly, affecting fluid flux along the 𝑥-direction (Fig.  6a–c).
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Fig. 4. Geometry, dimensions, and boundary conditions of a rectangular domain with a central vertical fracture subjected to pressure at the bottom.

Fig. 5. Fluid pressure contours for the rectangular domain with a centred crack: (a) Permeability determined using the domain decomposition and hybrid 
methods, (b) Permeability determined using the modified Darcy method.

The effect of the three constant sets on fluid flux is compared in Fig.  6d, showing equal flux in the fracture domain due to 
consistent permeability. The transient zone width varies with the selected 𝑐1 and 𝑐2 values, impacting mass flow rate 𝑄, which takes 
values of 𝑄 = 550 tons/s for 𝑆1, 𝑄 = 450 tons/s for 𝑆2, and 𝑄 = 225 tons/s for 𝑆3. This emphasises the importance of carefully 
calibrating the values of 𝑐1 and 𝑐2 for accurate modelling.

For the modified Darcy method [15], permeability is modelled as an anisotropic tensor to represent Poiseuille-type flow in cracks. 
Three values of the transition parameter 𝑏 = {0, 1, 2} were considered. Fig.  7a–c shows fluid flux for each 𝑏 value at times 𝑡 = 100
s, 𝑡 = 150 s, and 𝑡 = 200 s. For 𝑏 = 0 (no transition), flux remains uniform across regions with 𝜙 < 1, though permeability in 
zero-𝜙 areas is non-zero due to element size contributions. This changes with linear (𝑏 = 1) and quadratic (𝑏 = 2) transitions, where 
permeability in low-𝜙 regions decreases as 𝑏 increases, see Fig.  7d. Employing a large transient parameter 𝑏 results in a narrower 
flux profile.

The hybrid method combines the domain decomposition and modified Darcy methods. The results obtained for material constants 
𝑐1 = 0.5, 𝑐2 = 1, and 𝑏 = {0, 1, 2} are shown in Fig.  8a–c, where the fluid flux is plotted at 𝑡 = 100 s, 𝑡 = 150 s, and 𝑡 = 200 s, for each 
𝑏 value. As observed, fluid flux is zero for 𝜙 < 𝑐1, given the zero permeability of the reservoir domain. Comparison of flux profiles 
in the transient zone (𝑐1 < 𝜙 < 𝑐2) in Fig.  8d reveals minimal effect from 𝑏 due to domain indicator variables 𝜒𝑟 and 𝜒𝑓  varying 
linearly in the transition zone.

We proceed to assess the influence of the specific phase field model adopted (AT2 vs. AT1), as the AT2 model produces a 
broader damage zone, relative to the AT1 model. Consequently, less sensitivity to the coupling method is expected for the latter 
case. Their comparison is shown in Fig.  9, where both the phase field profile and the fluid flux distribution are shown. For the 
domain decomposition method, the difference is not significant if 𝑐1 is selected to be sufficiently large (e.g., 𝑐1 ≥ 0.5), as depicted 
in Fig.  9a. This is because the difference in the phase field profiles of the AT1 and AT2 models becomes negligible for values of 
𝜙 ≥ 0.5. In the case of the modified Darcy method, if the transient parameter 𝑏 is sufficiently large (𝑏 ≥ 2), the difference becomes 
negligible, as shown in Fig.  9b. Finally, as shown in Fig.  9c, the hybrid method is largely insensitive to the choice of phase field 
model for the aforementioned choices of parameters. It must be noted that, since the history field method does not yield an optimal 
phase field fracture profile for the AT1 model, the penalty method is here employed to enforce the irreversibility condition. For 
further details, see Ref. [62].

The comparison of Fig.  9a and b shows that the fluid flux obtained from the modified Darcy method approaches that of the hybrid 
method when the transient parameter 𝑏 is sufficiently large. However, this conclusion is intrinsic to the benchmark considered here, 
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Fig. 6. Phase field profile and fluid flux distribution along the 𝑥-direction at the top of the domain for the domain decomposition method [20] and: (a) 
𝑆1 = {0.5, 0.8}, (b) 𝑆2 = {0.5, 1}, (c) 𝑆3 = {0.8, 1}, while (d) shows the comparison of fluid flux distribution for all sets.

where a constant phase field is assumed. In cases involving phase field evolution (i.e., crack propagation) the results of these two 
methods can differ significantly. This is because in the modified Darcy method only the permeability is a function of the phase field 
variable, while Biot’s coefficient and porosity remain constant. In contrast, the hybrid method accounts for variations in permeability, 
Biot coefficient, and porosity due to phase field evolution.

In summary, this study highlights the importance of appropriate parameter selection for accurate results. The domain decomposi-
tion method benefits from isotropic permeability but lacks sensitivity to crack opening changes. The modified Darcy method, which 
models anisotropic permeability and Poiseuille-type flow, suggests 𝑏 ≥ 2 for an effective transition. The hybrid method combines 
the strengths of both, providing distinct permeability domains while accounting for crack opening effects.

4.2. Stick–slip modelling using a Drucker–Prager-based split

In this case study, we demonstrate the capability of the proposed Drucker–Prager-based split of the strain energy density to model 
stick–slip within hydraulic fracturing. As shown in Fig.  10, a rectangular domain with a central horizontal crack is considered. To 
comprehensively investigate different regions of the strain space within the Drucker–Prager-based split (discussed in Section 2.1.1), 
we consider two loading configurations that result in a path in the strain space that begins either in the elastic region or in the 
frictional region. Each boundary condition configuration is named according to the stress state at the end of the first step. The 
boundary conditions are applied in three steps, each lasting 106 s.

The first configuration is referred to as biaxial initial state (Fig.  10a) and involves fixing the lower half of the domain. Both domain 
sides are impermeable. A traction (𝑡 ) = 8.86 MPa is applied linearly over time to the top boundary during the first step. As the 
𝑛 𝑠1
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Fig. 7.  Phase field profile and fluid flux distribution along the 𝑥-direction at the top of the domain for the modified Darcy method [15] and: (a) 𝑏 = 0, (b) 
𝑏 = 1, (c) 𝑏 = 2, while (d) shows the comparison of fluid flux distribution for all 𝑏 values.

plane strain is adopted, the model experiences biaxial stress in this step. In the second step, a traction (𝑡𝑛)𝑠2 = 5 MPa is applied 
to the upper half of the left side, ramped over time. In the third step, the fluid pressure 𝑝 is increased linearly over time to reach 
𝑝 = 15.55 MPa at the domain’s bottom.

The second configuration, referred to as the triaxial initial state, is designed to ensure that the strain invariant path includes the 
elastic region (see Fig.  1). In this setup, the left bottom corner has its displacements constrained in both directions, while the right 
bottom corner restricts only vertical displacement. As in the first configuration, both domain sides are impermeable. A uniform 
traction (𝑡𝑛)𝑠1 = 8.86 MPa is applied to the entire boundary during the first step, which leads to a triaxial stress state. In the second 
step, a traction (𝑡𝑛)𝑠2 = 5 MPa is applied linearly to the upper half of the left side. Finally, in the third step, fluid pressure is applied 
to the bottom side until it reaches 𝑝 = 15.55 MPa.

In both configurations, a horizontal crack is introduced by setting 𝜙 = 1. A uniform mesh of bilinear quadrilateral elements is 
used, with a characteristic finite element length of 10 cm. The material properties adopted correspond to those employed in the 
previous case study (see Table  3), unless specified otherwise. Poisson’s ratio equals 𝜈 = 0.2, the characteristic length scale is 𝓁 = 0.2
m, the permeability of the reservoir domain is assumed to be 𝐾𝑟 = 10−15 m2, and the permeability of the fracture domain equals 
𝐾𝑓 = 1.333 × 10−6 m2. A high value of the material toughness 𝐺𝑐 is set to prevent crack propagation. The domain decomposition 
method with constants 𝑐1 = 0.5 and 𝑐2 = 1 is used for the permeability coupling, and a monolithic solution scheme is employed.

To analyse the results, we first examine the displacement at the top of the domain for each problem. Fig.  11a compares the 
horizontal displacement 𝑢𝑥 for both configurations. Initially, 𝑢𝑥 remains nearly zero during the first step but increases when traction 
(𝑡𝑛)𝑠2 is applied. After reaching equilibrium at the end of the second step, fluid pressure increases during the third step. Initially, 
there is no displacement change, but as the fluid pressure rises, the displacement increases until elements along the horizontal 
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Fig. 8. Phase field profile and fluid flux distribution along the 𝑥-direction at the top of the domain for the proposed hybrid method for the following choices 
of parameters: 𝑐1 = 0.5, 𝑐2 = 1 and: (a) 𝑏 = 0, (b) 𝑏 = 1, (c) 𝑏 = 2, while (d) shows the comparison of fluid flux distribution for all 𝑏 values.

crack lose stiffness, causing the displacement solution to diverge. The horizontal displacement 𝑢𝑥 at the top provides insight into 
the stress and strain paths. We examine the strain space (𝐼1(𝜺),

√

𝐽2(𝜺)) (Fig.  11b) and the stress space (𝐼1(𝝈),
√

𝐽2(𝝈)) (Fig.  11c,d) 
for an element along the crack line in each problem, analysing both the total stress 𝝈 and the effective stress 𝝈eff.

Let us start with the biaxial initial state, where the strain is in the frictional region (see Fig.  1a). Since 𝜙 = 1 at this integration 
point, the material follows the Drucker–Prager failure criterion, as seen in Fig.  11c. Applying traction (𝑡𝑛)𝑠1 initiates the effective 
stress from (𝐼1(𝝈eff) = 0,

√

𝐽2(𝝈eff) = 0) along the criterion line √𝐽2(𝝈) = 𝐵𝐼1(𝝈). In the second step, traction (𝑡𝑛)𝑠2 increases 𝐽2(𝝈eff)
while 𝐼1(𝝈eff) also increases due to frictional behaviour. 𝐼1(𝝈) decreases with fluid pressure 𝑝 until reaching zero stress, as indicated 
by the strain line intersecting the line −6𝐵√𝐽2(𝜺) = 𝐼1(𝜺). Consequently, the total stress loses its deviatoric part, transitioning to a 
hydrostatic state.

The triaxial initial state, shown in Fig.  11b and d, starts in the elastic region, meaning that the material remains elastic without 
phase field influence. In the first step, the application of a traction (𝑡𝑛)𝑠1 increases strains and stresses elastically. In the second step, 
the application of a traction (𝑡𝑛)𝑠2 changes the stress and strain paths, which still lie within the elastic region. With fluid pressure 
being applied in the third step, 𝐼1(𝝈eff) decreases, intersecting the failure criterion 

√

𝐽2(𝝈) = 𝐵𝐼1(𝝈). Here, the material behaviour 
follows the Drucker–Prager criterion, and with 𝜙 = 1, the effective stress lies on the failure line √𝐽2(𝝈) = 𝐵𝐼1(𝝈). A continued rise 
in fluid pressure causes the effective stress to return towards the origin, with the strain path intersecting the line −6𝐵√𝐽2(𝜺) = 𝐼1(𝜺), 
indicating zero effective stress and complete stiffness loss, leading to a hydrostatic stress state.

This case study demonstrates that the stick–slip behaviour of rock joints can be effectively modelled by incorporating pore 
pressure variations using a Drucker–Prager-based split model. Stick–slip behaviour refers to the alternating phases of sticking and 
sudden slipping along a rock joint, driven by the accumulation and abrupt release of effective stress. As illustrated in Fig.  11c,d, 
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Fig. 9. Phase field profile and fluid flux distribution along the 𝑥-direction at the top of the domain for AT2 and AT1 models, (a) domain decomposition method 
with parameter 𝑐1 = 0.5 and 𝑐2 = 1, (b) modified Darcy method with transient parameter 𝑏 = 2, and (c) hybrid methods for selecting parameters 𝑐1 = 0.5, 𝑐2 = 1, 
and 𝑏 = 2.

Fig. 10. Geometry and boundary conditions of stick–slip problems: (a) Biaxial initial state, and (b) Triaxial initial state.

the stress path captures these transitions. This modelling approach accounts for variable field conditions, including in-situ stress, 
and elucidates how pore pressure fluctuations influence the frictional behaviour of rock joints, determining whether they remain 
stationary (stick) or undergo slip, as relevant to many applications such as reducing seismic hazard during mining process [64].
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Fig. 11. Stick–slip problem: (a) Horizontal displacement 𝑢𝑥 of top side at different steps, and (b) comparison of the strain path for biaxial and triaxial initial 
states. The bottom half of the figure shows the total (𝝈) and effective (𝝈eff) stress paths of integration point with 𝜙 = 1 for (c) the biaxial initial state, and (d) 
the triaxial initial state.

Fig. 12. Crack-interaction problem: (a) Geometry and boundary conditions, and (b) finite element mesh discretisation.
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Fig. 13. Crack-interaction problem: (a) Evolution of fluid pressure 𝑝 versus time at a point on the horizontal crack for different strain energy decompositions, 
(b) critical 𝑝𝑐 and ultimate 𝑝𝑢 fluid pressures, (c) crack paths for different fracture driving forces, and (d) fluid pressure 𝑝 contour and fluid flux vector at the 
steady state for the case without strain energy decomposition.

4.3. Influence of the fracture driving force on fluid-driven crack interactions

In this case study, we investigate the influence of the adopted strain energy decomposition and of the fracture-fluid coupling 
method (discussed in Section 2.4) on the crack propagation behaviour of hydraulic fractures. A square domain with two pre-existing 
cracks is considered, arranged is such a way so as to examine both tensile and shear contributions of the strain energy density in 
crack propagation (Fig.  12a). Due to symmetry, only half of the boundary value problem is simulated. The displacement and pressure 
at the domain perimeter are fixed, and each crack has a width of 1 cm (𝜙 = 1 prescribed over a row of elements). A fluid flux of 
𝑞𝑚 = 80 kg s−1 m−2 is applied to the horizontal crack at 𝑡 = 0 and held constant throughout the analysis. Material properties follow 
those used in the second case study, but considering a Young’s modulus of 𝐸 = 210 GPa, a Poisson’s ratio equal to 𝜈 = 0.3, a 
characteristic length scale of 𝓁 = 0.02 m, and a critical fracture energy release rate of 𝐺𝑐 = 2700 J/m2. The domain decomposition 
method is used for permeability coupling with constants 𝑐1 = 0.4 and 𝑐2 = 1. The model is discretised using bilinear quadrilateral 
elements. A total of 31,277 elements are used, with the mesh being refined along the anticipated crack propagation region, giving 
a minimum element size of 0.01 m (Fig.  12b). The mixed staggered method is used, with a time increment of 0.05 s over a total 
duration of 500 s.

As described in Section 2.1.1, the present phase field framework for hydraulic fracture includes five different treatments of the 
fracture driving force: no split, volumetric-deviatoric, spectral, no tension and Drucker–Prager. All five are considered in this case 
study. For the Drucker–Prager-based split, the parameter 𝐵 = −0.2 is used.

The results obtained are shown in Fig.  13. In all cases, applying volumetric fluid flux to the horizontal crack causes fluid pressure 
to increase until it reaches a critical value 𝑝𝑐 , as shown in Fig.  13a. When the fluid pressure reaches 𝑝𝑐 , crack propagation initiates. 
The critical pressure varies only slightly depending on the strain energy split, as the fracture of the initial crack is primarily driven 
by tensile stresses. The highest critical pressure 𝑝𝑐 is attained with the spectral decomposition. The fluid pressure 𝑝 decreases with 
crack propagation until the two cracks merge, causing the pressure in the second crack to rise. The fluid pressure then continues 
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Fig. 14. Crack interaction analysis under various coupling strategies employing a no-tension model for a fluid flux of 𝑞𝑚 = 80 kg s−1 m−2. (a) Temporal evolution 
of fluid pressure 𝑝, and fluid pressure 𝑝 contour distributions at 𝑡 = 150 s for: (b) the modified Darcy method, (c) the domain decomposition method, and (d) 
the present hybrid method.

to increase, with subsequent crack propagation being gradual and influenced by shear stresses. Eventually, a steady state in crack 
growth is reached, indicated by the lack of further pressure increases after Time = 200 s in Fig.  13a.

The critical pressure 𝑝𝑐 and ultimate pressure 𝑝𝑢 (steady-state pressure) are reported in Fig.  13b. The highest ultimate pressure is 
attained with the spectral decomposition, where the material is weaker in shear compared to tension. Conversely, the lowest ultimate 
pressure corresponds to the no split case, where all the strain energy drives fracture. The impact of the shear contributions of the 
strain energy density to the crack trajectory is shown in Fig.  13c: decompositions incorporating shear strain energy contributions (no 
split, volumetric-deviatoric, and Drucker–Prager) exhibit a higher degree of deflection from the vertical crack tip, while tensile-based 
decompositions (spectral and no tension models) show straighter paths. Fig.  13d shows the fluid pressure contour and flux vectors, 
where the pressure in the fractured area is uniform due to low permeability. These results are qualitatively the same for all the 
fracture driving forces. The fluid flux begins at the horizontal crack and follows the crack path, facilitating propagation towards the 
vertical crack.

The influence of the property coupling method was extensively assessed in Section 4.1 for the case of a uniform phase field 
(stationary crack), with a focus on permeability. The analysis is extended here to consider their effect on crack growth. To this 
end, the crack-interaction boundary value problem illustrated Fig.  12 is evaluated, with the no tension strain energy decomposition 
approach and the three different coupling models: modified Darcy (power-law), domain decomposition and the presently proposed 
hybrid one. In the modified Darcy method, only the permeability tensor is dependent on the phase field variable. In contrast, the 
domain decomposition and hybrid methods incorporate the phase field dependency into the permeability tensor, Biot’s coefficient, 
and porosity. As a result, during fracture propagation, the critical pressure is expected to be higher in the modified Darcy method 
due to the insensitivity of Biot’s coefficient to phase field evolution. Conversely, in the domain decomposition and hybrid methods, 
Biot’s coefficient approaches unity in the crack region and at the crack tip, thereby enhancing the influence of pore pressure on the 
deformation process.
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Fig. 15.  Injection into an axisymmetric boundary: (a) Geometry and boundary conditions, (b) contour of phase field at time 𝑡 = 500 s, (c) contour of pore 
pressure at 𝑡 = 500 s, (d) contour of phase field at 𝑡 = 1000 s, and (e) contour of pore pressure at 𝑡 = 1000 s.
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Fig. 16. Vertical stress 𝜎𝑦𝑦 contour at: (a) Time = 500 s, and (b) Time = 1000 s.

The results obtained are shown in Fig.  14 for a fluid flux 𝑞𝑚 = 80 kg s−1 m−2 and a transient parameter of 𝑏 = 2. In the modified 
Darcy method, these conditions do not result in crack growth. The fluid pressure rises to 200 MPa, and the system reaches steady 
state without crack propagation, as shown in the pressure contours provided in Fig.  14b. This result aligns with the assumption that 
Biot’s coefficient remains constant and is not influenced by the phase field. To determine the critical pressure, a significantly higher 
fluid flux of 𝑞𝑚 = 70,000 kg s−1 m−2 is applied, leading to crack propagation at a pressure of 𝑝 = 12,350 MPa. Conversely, in the 
hybrid method the evolution of Biot’s coefficient and porosity with 𝜙 promotes crack propagation at a lower pressure. The observed 
critical pore pressure is comparable to that of the domain decomposition method, approximately 𝑝 = 37.3 MPa. As depicted in Fig. 
14a, the time evolution of pore pressure in the hybrid method closely follows that of the domain decomposition method. However, 
a comparison of the fluid pressure distributions for the domain decomposition (Fig.  14c) and hybrid (Fig.  14d) approaches reveals 
that, due to the consideration of anisotropic permeability in the hybrid method, the pressure is more concentrated near the crack 
in the hybrid model compared to the domain decomposition method, which employs an isotropic permeability tensor.

In this case study, we observe that the choice of fracture driving force significantly affects both the pressure field and the 
crack path. However, this effect can be negligible if the fracture is driven primarily by tensile stress. On the other hand, shear 
stress can play a significant role in determining the crack trajectory and pressure distribution. Fracture driving forces that mainly 
consider tensile stresses, such as the spectral decomposition and no tension models, result in higher pressures for crack propagation. 
In contrast, methods like the volumetric-deviatoric and Drucker–Prager-based splits incorporate shear stress effects, influencing 
both crack path and pressure distribution. The lowest pressure is observed in the original formulation (no split), where the entire 
strain energy density contributes to fracture propagation. Moreover, this crack-interaction boundary value problem is used to assess 
the influence of the coupling strategy under crack growth conditions, extending the analysis in Section 4.1. While in Section 4.1, 
focused on permeability and considering a uniform and stationary phase field, the hybrid approach was closer to the modified Darcy 
model, under crack growth conditions our hybrid approach aligns better with the domain decomposition method. This is primarily 
because in the domain decomposition and hybrid methods, the Biot coefficient evolves with the phase field. The consideration of 
anisotropic permeability in the hybrid method shows a more concentrated distribution of pressure near the crack relative to the 
domain decomposition method, showcasing its greater modelling flexibility, as it allows for the evolution of material behaviour via 
the phase field while also leveraging an anisotropic permeability tensor based on computed crack openings.

4.4. Simultaneous injection into an axisymmetric boundary with initial stress

To demonstrate the robustness of the current implementation, we analyse a complex problem involving multiple injections along 
an axisymmetric boundary, as depicted in Fig.  15(a). The material properties are identical to those used in the second case study, 
with the following exceptions: Young’s modulus 𝐸 = 53 GPa, Poisson’s ratio 𝜈 = 0.19, critical fracture energy release rate 𝐺𝑐 = 500
N/m, and characteristic length scale 𝓁 = 0.29 m. The geometry is discretised with over 55,000 bilinear quadrilateral elements, 
and the mixed staggered scheme is applied with a time increment of 1 s over a total injection period of 2400 s. The hybrid 
permeability method is used, with initial stresses applied in both horizontal and vertical directions. Specifically, a horizontal stress 
23 



Y. Navidtehrani et al. Computer Methods in Applied Mechanics and Engineering 444 (2025) 118155 
of 𝜎𝑥𝑥 = 34.9 MPa and a vertical stress of 𝜎𝑦𝑦 = 20.9 MPa are applied in the first step to establish the initial stress state. In the second 
step, five pre-existing cracks are introduced, followed by five simultaneous injections at a rate of 𝑞 = 126 kg s−1 m−2 over 2400 s in 
the third step. The top, bottom, and right edges of the domain are considered to be pore-pressure-free boundaries (𝑝 = 0).

Crack growth is observed at each of the five injection points. Figs.  15(b) and 15(c) show the initial propagation of cracks 
horizontally up to 500 s. Beyond this point, the crack originating from injection point 4 begins to approach the crack from injection 
point 5. At this stage, the crack originating from injection point 4 is coalescing with the crack from injection point 5 through crack 
interactions, leading to increased fluid flux within the crack at injection point 5 and further propagation through other cracks. 
Crack propagation from injection points 2 and 3 remains horizontal throughout the injection, while the crack from injection point 
1 deviates after 610 s. Figs.  15(d) and 15(e) illustrate the phase field and pressure contours at 1000 s, highlighting continued 
propagation and interaction between cracks.

Finally, vertical stress 𝜎𝑦𝑦 contours at 500 s and 1000 s are shown in Fig.  16. Throughout the domain, compressive vertical stress 
increases, except at the crack tip, where tensile stress drives further crack propagation.

5. Conclusions

We have presented a novel, theoretical and computational framework to simulate hydraulic fractures based on the phase field 
method. The model encompasses a number of relevant features, from constitutive choices to solution schemes, and introduces 
two key innovations that enhance the accuracy and adaptability of hydraulic fracture simulations. First, a novel hybrid coupling 
approach is introduced to link the phase field evolution equation with the pore pressure equation. This approach offers refined 
control over permeability transitions, making it especially effective in capturing fluid flow and fracture propagation interactions in 
complex geomechanical problems. Second, we incorporate a Drucker–Prager-based strain energy split to model stick–slip behaviour 
accurately, a critical aspect in hydraulic fracturing and fault activation scenarios.

Through a series of representative case studies, we demonstrated the robustness and versatility of our proposed formulation. The 
results highlighted the significant impact of different coupling strategies on fluid behaviour within fractures and underscored the 
influence of strain energy decomposition on fracture propagation paths and crack interactions. Our hybrid permeability approach 
effectively addressed the limitations of existing methods, providing a more flexible solution for hydraulic fracturing scenarios 
characterised by complex geometries and evolving fracture patterns. Additionally, the Drucker–Prager-based split effectively 
modelled the transition between elastic, frictional, and fully fractured states, yielding new insights into the role of shear stress 
in hydraulic fracture propagation.

The phase field framework developed in this work not only extends the current capabilities of hydraulic fracture modelling but 
also serves as a valuable tool for a wide range of geomechanical applications, including reservoir engineering, fault activation, and 
fracture interaction under multiaxial stress conditions.
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Table A.4
Analogy of variables between heat transfer, phase field, and fluid flow equations.
 Heat transfer equation Phase field evolution equation Fluid flow equation  
 𝜌𝑈̇ + ∇ ⋅ 𝐟 = 𝑟

(

𝑔′ (𝜙)2𝑐𝑤
𝓁𝐺𝑐

+ 𝑤′ (𝜙)
2𝓁2

)

− ∇ ⋅ (∇𝜙) = 0 𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟 𝜀̇𝑣𝑜𝑙
)

− ∇ ⋅
(

𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝

)

= 𝑞𝑚 
 𝑇 𝜙 𝑝  
 𝐟 −∇𝜙 −𝜌𝑓𝑙

𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝  

 𝜌 1 1  
 𝑈̇ 𝑔′ (𝜙)2𝑐𝑤

𝓁𝐺𝑐
+ 𝑤′ (𝜙)

2𝓁2 𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟 𝜀̇𝑣𝑜𝑙
)  

 𝑟 0 𝑞𝑚  

Table A.5
Variables that must be defined in a UMATHT subroutine and their associated expressions for the heat transfer, phase field and 
fluid flow problems.
 UMATHT variable Heat transfer Phase field Fluid flow  
 𝑈 𝑈𝑡 + 𝑈̇𝛥𝑡 𝑈𝑡 +

(

𝑔′ (𝜙)2𝑐𝑤
𝓁𝐺𝑐

+ 𝑤′ (𝜙)
2𝓁2

)

𝛥𝑡 𝑈𝑡 + 𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟 𝜀̇𝑣𝑜𝑙
)

𝛥𝑡 
 DUDT 𝜕𝑈

𝜕𝑇

(

𝑔′′ (𝜙)2𝑐𝑤
𝓁𝐺𝑐

+ 𝑤′′ (𝜙)
2𝓁2

)

𝛥𝑡 𝜌𝑓𝑙𝑆𝛥𝑡  
 DUDG 𝜕𝑈

𝜕(∇𝑇 )
0 0  

 FLUX 𝐟 −∇𝜙 −𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝  

 DFDT 𝐟̇ 0 0  
 DFDG 𝜕𝐟

𝜕(∇𝑇 )
−𝑰 −𝜌𝑓𝑙

𝑲𝑓𝑙

𝜇𝑓𝑙
 

Appendix. Abaqus implementation

The generalised phase field model for hydraulic fracture presented is implemented in the commercial finite element package 
Abaqus in a very straightforward way, without the need for user element subroutines (i.e., at the integration point level). This is 
achieved by exploiting the analogy between the heat transfer balance equation and the fluid flow and phase field balance equations. 
The idea is similar to that exploited in Refs. [45,65] to implement phase field fracture by means of (solely) a user material (UMAT) 
subroutine. However, on this occasion, the approach is extended to encompass an additional balance equation, as explained below.

First, consider the heat transfer equation in its general form, 
𝜌𝑈̇ + ∇ ⋅ 𝐟 = 𝑟, (A.1)

where 𝑈 is the internal thermal energy, 𝐟 is the heat flux vector, and 𝑟 is the heat source. Rearranging the phase field evolution 
(12) and fluid flow (38) equations, 

(

𝑔′(𝜙)2𝑐𝑤
𝓁𝐺𝑐

+
𝑤′(𝜙)
2𝓁2

)

− ∇ ⋅ (∇𝜙) = 0 (A.2)

𝜌𝑓𝑙
(

𝑆𝑝̇ + 𝛼𝜒𝑟𝜀̇𝑣𝑜𝑙
)

− ∇ ⋅
(

𝜌𝑓𝑙
𝑲𝑓𝑙

𝜇𝑓𝑙
∇𝑝

)

= 𝑞𝑚. (A.3)

By comparing Eqs. (A.2)–(A.3) with Eq. (A.1), we observe an analogy between these diffusion-like equations. Table  A.4 
summarises the analogous variables across the heat transfer, phase field, and fluid flow equations.

The numerical implementation is carried out in Abaqus using a UMATHT subroutine, where several variables must be defined 
to establish equivalence with heat transfer and mass diffusion variables. Table  A.5 outlines the required quantities and their 
corresponding expressions for the heat transfer, phase field, and fluid flow equations.

By exploiting this analogy, the temperature variable 𝑇  becomes equivalent to the phase field variable 𝜙, which varies between 0 
and 1, or to the pore pressure variable 𝑝. To account for these analogies, a user material (UMAT) subroutine is employed to degrade 
both the material stiffness and the stress tensor with respect to the phase field variable, while incorporating as well the effect of 
pore pressure on the total stress using Biot’s coefficient 𝛼. The evolution equation for the phase field and the fluid flow equation are 
subsequently addressed using the UMATHT subroutine, which defines the internal heat energy 𝑈 and the heat flux vector 𝐟 along 
with their respective variations concerning temperature 𝑇  and the temperature gradient ∇𝑇 , as shown in Table  A.5.

Different to Refs. [45,65], the temperature field is now used to describe two fields: phase field 𝜙 and pore pressure 𝑝. This can 
be accomplished by defining two identical Abaqus Parts with the same geometry and mesh. Since only one temperature can be 
defined per integration point, this approach enables effective data transfer between the two parts. Local numbering for elements 
and nodes remains consistent across both parts if the same meshing algorithm is used.

The proposed procedure is as follows: for a given element, Abaqus provides the UMAT integration point-level subroutine with 
values of strain and phase field (temperature) in the first part, interpolated from the nodal solutions. The pore pressure, represented 
as the temperature field in the second part, is stored in a FORTRAN module and transferred to the UMAT subroutine using local 
element numbering. Within each integration point and loop, the UMAT is first called. Inside the UMAT, the material Jacobian 𝑪 and 
effective stress 𝝈𝑒𝑓𝑓  are computed from the strain tensor. The current phase field value 𝜙 (temperature in the first part) is then 
used to account for the degradation of these quantities, while the pore pressure value 𝑝 (temperature in the second part) is used 
25 
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to compute the total stress 𝝈. The dissipation part of the strain energy density 𝜓𝑑 is stored in solution-dependent state variables 
(SDVs), enabling enforcement of the irreversibility condition. The rate of volumetric strain 𝜀̇𝑣𝑜𝑙 is stored within a FORTRAN module 
and transferred to the UMATHT subroutine to solve the fluid flow equation. In the UMATHT subroutine, definitions of internal heat 
energy 𝑈 , heat flux vector 𝐟 , and their variations (𝜕𝑈∕𝜕𝑇 , 𝜕𝑈∕𝜕∇𝑇 , 𝜕𝐟∕𝜕𝑇 , 𝜕𝐟∕𝜕∇𝑇 ) are performed for the phase field equation 
in the first part and for the fluid flow equation in the second part. The UMATHT subroutine distinguishes between parts based on 
the material name, where MATERIAL-1 denotes the first part (deformation and phase field problems) and MATERIAL-2 denotes the 
second part (fluid flow equation).

The updated SDVs are transferred to the UMATHT subroutine to carry the current value of the history field  without requiring 
external FORTRAN modules. Additionally, the values of volumetric strain rate and the phase field variable are transferred from 
the UMAT subroutine to the UMATHT subroutine, which manages the fluid flow equation, via a FORTRAN module. This process 
is repeated for each integration point, allowing Abaqus to assemble the element stiffness matrices and residuals externally and 
subsequently form the global system of equations, as per the procedure outlined in Algorithm 2. The coupled problem can be 
approached using either a monolithic or staggered scheme. In the monolithic scheme, all variables are updated simultaneously, 
resulting in unconditional stability. In contrast, the staggered scheme updates variables sequentially, with some equations utilising 
variables from the previous increment or iteration instead of the current one, as described in Section 3.3.

This implementation offers two types of schemes: the Mixed monolithic scheme and the mixed staggered scheme. In the mixed 
monolithic scheme, equilibrium and phase field evolution equations are solved using a monolithic approach, while the pore pressure 
is derived from the previous iteration. In the mixed staggered scheme, the history field  is not updated within an increment for 
the phase field evolution equation; instead, the previous increment’s history field  is applied. However, as in the mixed monolithic 
scheme, pore pressure is updated based on the solution of the previous iteration.

Data availability

Data will be made available on request.
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