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 A B S T R A C T

There is growing interest in conducting small-scale tests to gain additional insight into the 
fracture behaviour of components across a wide range of materials. For example, micro-scale 
mechanical tests inside of a microscope (in situ) enable direct, high-resolution observation of 
the interplay between crack growth and microstructural phenomena (e.g., dislocation behaviour 
or the fracture resistance of a particular interface), and sub-size samples are increasingly used 
when only a limited amount of material is available. However, to obtain quantitative insight 
and extract relevant fracture parameters, the sample must be sufficiently large for a 𝐽 - (HRR) 
or a 𝐾-field to exist. We conduct numerical and semi-analytical studies to map the conditions 
(sample geometry, material) that result in a valid, quantitative fracture experiment. Specifically, 
for a wide range of material properties, crack lengths and sample dimensions, we establish the 
maximum value of the 𝐽 -integral where an HRR field ceases to exist (i.e., the maximum 𝐽 value 
at which fracture must occur for the test to be valid, 𝐽max). Maps are generated to establish the 
maximum valid 𝐽 value (𝐽max) as a function of yield strength, strain hardening and minimum 
sample size. These maps are then used to discuss the existing experimental literature and provide 
guidance on how to conduct quantitative experiments. Finally, our study is particularised to the 
analysis of metals that have been embrittled due to hydrogen exposure. The response of relevant 
materials under hydrogen-containing environments are superimposed on the aforementioned 
maps, determining the conditions that will enable quantitative insight.

. Introduction

Recent years have seen a surge in the development of small scale fracture experiments [1–4]. These are needed to gain insight 
nto the structural integrity of micron-size components such as micro-electromechanical systems (MEMS) [5], microelectronic 
omponents [6] and thin film applications [7]. Micro-scale fracture tests have also been conducted to obtain high-resolution 
bservations of fracture processes inside electron microscopes (SEM and TEM). Such in situ experiments have, for example, been 
sed to gain insight into the fracture properties of ceramics at the length scale of individual interfaces [8,9], setting the basis for the 
evelopment of fracture-resistant microstructures. Similarly, in situ micromechanical fracture experiments have been conducted to 
nable real-time observation of crack initiation and growth in metals [10–14] and its interaction with microstructural features, such 
s grain boundaries [15,16] and phase interfaces [17]. The approach has also been extended to include environmental effects, 
ncompassing thermomechanical [18–20], electromechanical [21,22], and chemomechanical [23–26] phenomena. Multiple test 
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Fig. 1. SEM images of two typical small scale testing specimens: (a) double cantilever beam (DCB), and (b) notched cantilever beam specimen.
Source: Adapted from [23,29].

configurations have been employed with the two shown in Fig.  1 being arguably the most popular: the double cantilever beam 
splitting test (Fig.  1a) and the notched micro-cantilever beam specimen (Fig.  1b). At a higher scale (mm), sub-sized tests have been 
proposed to characterise fracture behaviour when the available material is limited as in (e.g.) a reactor pressure vessel or when 
sampling small regions of material (like the heat affected zone of a weld) [27,28]. While the utility and additional insight of small 
scale tests are clear, their ability to provide quantitative fracture properties can be compromised by the small sample dimensions 
(relative to the plastic zone size or the fracture process zone size).

For a fracture test to be valid, the principle of similitude must be met. That is, the fracture toughness measured must be independent 
of the sample geometry and thus applicable to both lab specimens and engineering components. For this condition to be satisfied, 
the stress distribution ahead of the crack tip must be described by either the linear elastic 𝑟−1∕2 singularity, which would render 
a valid 𝐾𝐼𝑐 estimate, or the Hutchinson-Rice-Rosengren (HRR) [30,31] singularity 𝑟𝑁∕(𝑁+1), for a valid 𝐽𝐼𝑐 estimate. Here, 𝑟 is the 
distance to the crack tip, for a polar coordinate system centred at the crack tip, and 𝑁 is the strain hardening exponent (0 < 𝑁 < 1). 
If a 𝐾 or a 𝐽 -field exist ahead of the crack in the tested sample, the stress state is uniquely characterised and the values of 𝐾𝐼𝑐
or 𝐽𝐼𝑐 estimated are universal material properties. At sufficiently low applied loads, both a 𝐾-field and a 𝐽 -field exist (small scale 
yielding conditions), but as the plastic or fracture process zone develops and becomes sufficiently large (relative to the sample size), 
the elastic singularity no longer applies. For a 𝐾-field to exist at the moment of fracture, the condition, 

𝑎 , (𝑊 − 𝑎) > 2.5
(

𝐾𝐼𝑐
𝜎𝑌

)2
(1)

must be fulfilled. Where 𝐾𝐼𝑐 is the fracture toughness, 𝜎𝑌  is the yield strength, 𝑎 is the length of the initial crack, and 𝑊  is the 
width of the sample, such that (𝑊 −𝑎) is the length of the ligament ahead of the crack. A 𝐽 -field continues to exist in the presence of 
large scale crack tip plasticity but eventually disappears if the load and sample size conditions are such that large strain phenomena 
fully govern crack tip behaviour. For a 𝐽 -based analysis to be valid, the following condition must be satisfied: 

𝑎 , (𝑊 − 𝑎) > 𝑀
𝐽𝐼𝑐
𝜎𝑌

(2)

where 𝐽𝐼𝑐 is the critical value of 𝐽 at fracture (the material toughness) and 𝑀 is a coefficient that is typically taken to be equal to 
25 (see Section 2.1 for details). Considering the plane stress relationship between 𝐽𝐼𝑐 and 𝐾𝐼𝑐 (𝐽𝐼𝑐 = 𝐾2

𝐼𝑐∕𝐸, where 𝐸 is the Young’s 
modulus), it can be readily seen that the right side of Eq. (2) is 10𝜎𝑌 ∕𝐸 times smaller than that of Eq. (1), with 𝜎𝑌 ∕𝐸 being typically 
within the range 10−3−10−2. In other words, the conditions required for the existence of a 𝐽 -field are much less demanding, enabling 
the use of samples with ligament sizes that are 10 to 100 times shorter. Hence, the focus of this work will be on valid 𝐽 -tests. It is 
of interest to note that Eqs. (1)–(2) are simple, practical semi-analytical estimates that do not take into consideration the influence 
of relevant material phenomena, such as strain hardening. We shall conduct finite element studies to rigorously characterise the 
conditions in which a small scale fracture test can be quantitative; i.e., the conditions in which a 𝐽 -field exists.

In this work, we combine semi-analytical and numerical analysis to establish the regimes of validity of small scale fracture 
tests. Detailed large strain, elastic–plastic finite element calculations are conducted to determine – for a wide range of materials 
and sample dimensions – the value of 𝐽max, the maximum value of the 𝐽 -integral where an HRR field ceases to exist (i.e., the 
maximum 𝐽 value at which fracture must occur to obtain a valid test). This enables constructing ‘validity maps’ that provide the 
sample dimensions that render a valid fracture test, as a function of the material properties (𝐽𝐼𝑐 , 𝜎𝑌 , 𝑁). These maps are novel, 
to the best of the authors’ knowledge, and are of notable importance as they not only allow experimentalists to readily determine 
the appropriate sample dimensions but also allow us to evaluate the validity of existing literature data. Finally, we particularise 
2 
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our study to the emerging area of hydrogen embrittlement [32,33], conducting an extensive literature review to superimpose on 
the aforementioned 𝐽max maps the fracture toughness in hydrogen-containing environments, for relevant materials and hydrogen 
environments. Once again, this enables us to discuss existing findings and bring new insight into the possibilities of conducting 
direct, quantitative experiments that could bring novel understanding into this challenging phenomenon.

The remainder of this manuscript is structured as follows. First, in Section 2, we briefly introduce the theoretical foundation of 
the HRR singularity field and build on this to establish simple, semi-analytical estimates of valid sample dimensions as a function of 
the material fracture toughness. This allows us to provide the first validity map, which sets the basis for the subsequent discussion. 
This map is then refined through detailed finite element calculations which, among others, take into consideration the influence 
of strain hardening and testing configuration. The modelling framework is presented in Section 3, together with the details of the 
two geometries considered: the double cantilever beam (Fig.  1a) and the notched micro-cantilever beam (Fig.  1b). The numerical 
results are presented and discussed in Section 4, comparing them to the previously presented semi-analytical solutions. More precise 
‘validity maps’ are then built and the findings discussed in the context of literature data. Then, in Section 5, the study is particularised 
to the analysis of metals exposed to hydrogen-containing environments. As hydrogen reduces 𝐽𝐼𝑐 , the influence of the environment 
in reducing sample size requirements and enabling micro-scale tests is assessed through dedicated ‘validity maps’ that incorporate 
the 𝐽𝐼𝑐 sensitivity to the hydrogen content as an additional dimension. Finally, concluding remarks are provided in Section 6.

2. Fundamental theory: HRR field and semi-analytical solutions

In this Section, we provide a brief overview of the key theoretical concepts in our analysis. Specifically, in Section 2.1, we 
introduce the HRR singularity ahead of the crack tip, which serves as the fundamental basis for assessing the maximum valid 𝐽 -
dominance in the finite element (FE) simulations. Then, in Section 2.2, we present a semi-analytical solution for the size requirement 
in fracture toughness tests, offering a rapid estimation of the maximum valid 𝐽 -integral and minimum size requirements, which 
provide an initial basis for discussion and can be directly compared with FE simulations.

2.1. HRR singularity

The existence of the so-called HRR field, named after Hutchinson, Rice and Rosengren [30,31], ensures 𝐽 -dominance and 
similitude. Consider an elastic–plastic material following a power-law hardening relationship, such that the flow stress equals, 

𝜎 = 𝜎𝑌

(

1 + 𝜀𝑝

𝜀𝑌

)𝑁
, (3)

where 𝜀𝑝 is the effective plastic strain, 𝜀𝑌 = 𝜎𝑌 ∕𝐸 is the initial yield strain, and 𝑁 is the strain hardening exponent, such that 𝑁 = 0
reduces Eq. (3) to the case of an elastic-perfectly plastic solid.

It is convenient to introduce the crack tip opening displacement (CTOD), 𝛿, defined as the distance between the intersections of 
two 45◦ lines (forming a total angle of 90◦) drawn backward from the crack tip with the deformed crack surface. The CTOD can be 
related to the 𝐽 integral by the expression [34] 

𝛿 = 𝑑𝑛
𝐽
𝜎𝑌
, (4)

where 𝑑𝑛 is a coefficient that strongly depends on the hardening exponent 𝑁 and is slightly influenced by other material properties 
such as 𝜎𝑌  and 𝐸. For an elastic-perfectly plastic solid, 𝑑𝑛 is approximately 1.0. For 𝑁 in the range of 0.05 to 0.33, 𝑑𝑛 varies between 
0.2 and 0.7. Typically, for common structural steels, 𝑑𝑛 ranges from 0.4 to 0.8 [34].

Let us now introduce the scaling relationships resulting from the HRR singularity. For simplicity, we consider a uniaxial stress 
state. Following the power-law strain hardening in Eq. (3), the strain energy density can be obtained as 

𝜓𝑠 = ∫

𝜀

0
𝜎𝑑𝜀 = 1

𝑁 + 1
𝜎𝑌 𝜀𝑌

(

𝜎
𝜎𝑌

)1+ 1
𝑁
. (5)

On the other hand, in a cracking solid, energy is released at the crack tip. This energy release can also be quantified in terms of 
its density, which can be approximated as 

𝜓𝑟 = 𝑐 𝐽
𝑟
, (6)

where 𝑐 is a constant and 𝑟 is the distance ahead of the crack tip. Combining Eqs. (5)–(6) and noting that 𝜓𝑠 = 𝜓𝑟 [35], we obtain 
(

𝜎
𝜎𝑌

)
𝑁+1
𝑁

= (𝑁 + 1) 𝑐
𝜎𝑌 𝜀𝑌

𝐽
𝑟
. (7)

The above equation is generalised to multiaxial stress states following 𝐽2 deformation theory and can be extended to the 
well-known HRR singularity 

𝜎𝑖𝑗 ∝
(𝐽
𝑟

)

𝑁
𝑁+1 and 𝜀𝑖𝑗 ∝

(𝐽
𝑟

)

1
𝑁+1 . (8)

Eq. (8) indicates that, in a log–log plot, the stress field exhibits a linear relationship with a slope of 𝑁∕(𝑁 + 1), while the strain 
field follows a slope of 1∕(𝑁 + 1), as a function of the distance ahead of the crack tip. This relationship offers a straightforward 
criterion for evaluating the validity of 𝐽 -dominance in fracture toughness testing. A numerical validation and discussion of the HRR 
singularity will be presented in Section 4.1.
3 
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2.2. Specimen size requirements for a valid 𝐽𝐼𝑐 test

The existence of an HRR/𝐽 -field guarantees the priciple of similitude; for any component, the stress state is equivalent for a given 
𝐽 , and uniquely characterised by this quantity. Thus, a critical 𝐽 value that is geometry-independent can be determined at the 
moment of failure, provided an HRR field exists [36,37]. This has been widely exploited to characterise the fracture resistance 
of elastic–plastic materials that fail at conditions in which 𝐾-based characterisation is unfeasible. Consequently, efforts have been 
allocated to determine the regimes over which the HRR singularity is present and thus establish the associated size requirements 
for 𝐽𝐼𝑐 testing (see the review by Zhu and Joyce [38] and Refs. therein). For the plain strain condition, a generalised form of the 
size requirement to ensure the existence of a HRR singularity and thus the validity of the 𝐽𝐼𝑐 test is given by 

𝑎, (𝑊 − 𝑎) ⩾𝑀
(

𝜎𝑌 ∕𝐸,𝑁
) 𝐽𝐼𝑐
𝜎𝑌

, (9)

or equivalently according to Eq. (4)

𝑎, (𝑊 − 𝑎) ⩾𝑀
(

𝜎𝑌 ∕𝐸,𝑁
) 𝛿
𝑑𝑛
, (10)

Eq. (9) can be re-written as 

𝐽𝐼𝑐 ⩽
𝑎, (𝑊 − 𝑎)

𝑀
𝜎𝑌 , (11)

which enables the semi-analytically determination of the maximum valid 𝐽 -integral, 𝐽max, in the fracture toughness test for a given 
yield strength and crack length or ligament size.

It remains to define the value of 𝑀 and various approaches have been taken in this regard. McMeeking [39] and Needleman 
and Tvergaard [40] showed that the effect of finite strains is significant over a distance of approximately 2–3 times the crack tip 
opening displacement 𝛿. Therefore, one of the conditions for the validity of the HRR field requires 

𝑅 ⩾ 3𝛿, (12)

where 𝑅 is the radius of the HRR-dominated region. Bearing in mind that 𝑑𝑛 ranges from 0.4 to 0.8 for common structural steels, 
considering Eq. (4) and selecting an intermediate value of 𝑑𝑛 = 0.6, one reaches 

𝑅 ⩾ 1.8
𝐽𝐼𝑐
𝜎𝑌

. (13)

The second requirement is that 𝑅 must exceed the size of the fracture process zone, where the microscopic separation process 
occurs. The fracture process zone is typically smaller than the region of finite strain domination; e.g., in ductile metals fracture is 
due to nucleation, growth, and coalescence of micro-voids, with these processes occurring in the finite strain region. Hence, Eq. (13) 
is a suitable constraint also for the size of the fracture process zone size.

When the fully plastic condition is attained, the plastic zone extends across the entire uncracked ligament, and the length of 
the HRR domain 𝑅 becomes a fraction of (𝑊 − 𝑎). Shih [41,42] conducted extensive numerical studies on bend configurations and 
compact tension specimens and suggested that 

𝑅 ≈ 0.07(𝑊 − 𝑎). (14)

Combining Eqs. (13) and (14), we have 

(𝑊 − 𝑎) ⩾ 25
𝐽𝐼𝑐
𝜎𝑌

, (15)

which corresponds to the value explained in Section 1. Note that for shallow-cracked specimens, the validity of the HRR field is 
primarily controlled by the crack length 𝑎 rather than the ligament [43,44]. Consequently, the left-hand side of Eq. (15) should be 
replaced with the crack length 𝑎.

However, numerous studies have shown that 𝑀 = 25 is insufficient to fully satisfy the size requirements for 𝐽𝐼𝑐 testing, with the 
required value ranging from 40 to 250 depending on the specific material and specimen type [44–47]. For example, McMeeking 
and Parks [48] and Shih [41] compared the centre-cracked panel (CCP) and the cracking bending bar (CBB) and concluded that 
CCP specimens require a significantly larger 𝑀 than CBB specimens. This is because, for the CCP specimen, the crack tip constraint 
is lower under tensile loading, leading to early plastic zone expansion and reduced HRR dominance. The uncracked ligament has 
significant plastic deformation, often forming 45◦ shear bands that alter the crack propagation path and facilitate large plastic 
straining. According to McMeeking and Parks [48], for the CCP specimen, the relationship between the radius 𝑅 and the ligament 
(𝑊 − 𝑎) can be expressed as 

𝑅 ≈ 0.01(𝑊 − 𝑎), (16)

which leads to 

(𝑊 − 𝑎) ⩾ 180
𝐽𝐼𝑐
𝜎𝑌

. (17)

The value 𝑀 = 25 was incorporated into ASTM E813-81 [49] and remains widely used within the community. However, this 
version was withdrawn in 1997 and replaced by the standards ASTM E1737-96 [50] and ASTM E1820-96 [51], which introduced a 
4 
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Fig. 2. ‘Validity map’ based on the simple semi-analytical Eq. (11), with 𝑀 = 25. The results show the minimum lengths of the crack and crack ligament as a 
function of the material yield strength 𝜎𝑌  and fracture toughness 𝐽𝐼𝑐 .

distinction in size requirements based on the 𝐽 -measurement under stable crack growth (𝐽𝑄) and at unstable fracture (𝐽𝑄𝑐). When 
applying 𝐽𝑄 as 𝐽𝐼𝑐 , the size requirements remain the same as those in Eq. (15) with 𝑀 = 25. However, when unstable fracture is 
involved, the recommended size requirements are given by 

𝑎, (𝑊 − 𝑎) ⩾ 200
𝐽𝐼𝑐
𝜎𝑌

. (18)

In the most recent ASTM E1820-24 standard [52], the size requirements were both relaxed, ultimately leading to the revised 
recommendations 

𝑎, (𝑊 − 𝑎) ⩾ 10
𝐽𝐼𝑐
𝜎𝑌

, (19)

for stable crack growth 𝐽𝑄 = 𝐽𝐼𝑐 , and 

𝑎, (𝑊 − 𝑎) ⩾ 100
𝐽𝐼𝑐
𝜎𝑌

, (20)

for unstable fracture 𝐽𝑄𝑐 = 𝐽𝐼𝑐 .
Despite its importance in governing the allowable sample size, selecting the most relevant 𝑀 value is not straightforward, as it 

is material, geometry and fracture process dependent. To accurately establish the regimes of 𝐽𝐼𝑐 validity for the two paradigmatic 
micro-scale geometries shown in Fig.  1, finite element calculations are conducted for a wide range of geometries and material 
properties, and the outcome of these calculations will be compared to semi-analytical predictions with various 𝑀 values, so as to 
quantify the error associated with these more simplistic approaches. Nevertheless, first-order insight can be gained by building a 
‘validity map’ using Eq. (11). This is shown in Fig.  2 where, for the widely used choice of 𝑀 = 25, the fracture toughness (𝐽𝐼𝑐) is 
plotted as a function of the material yield strength and the minimum value of the relevant dimensions (crack and ligament lengths) 
that will deliver a valid test. In other words, the map uniquely relates a given material (𝐽𝐼𝑐 , 𝜎𝑌 ) to the minimum sample dimensions 
for the toughness estimate to be valid. As such, 𝐽𝐼𝑐 is equivalent to 𝐽max, the maximum valid 𝐽 value that can be obtained for a given 
sample (𝑎, 𝑊 − 𝑎) and material plastic behaviour (𝜎𝑌 ). Notably, the influence of the strain hardening exponent is not considered in 
these simple semi-analytical estimates.

The results shown in Fig.  2 reveal the expected trends. For a fixed value of 𝐽𝐼𝑐 , valid tests can be obtained with smaller samples 
if the yield strength is high, although the sensitivity is not that strong as 𝜎𝑌  is assumed to vary over a smaller range than 𝐽𝐼𝑐 . 
The validity map shows that micro-meter size samples can only deliver quantitative fracture estimates for materials with fracture 
toughness below 0.1 kJ/m2. This a range that spans the toughness of ceramics, rocks and cement, suggesting that micromechanical 
testing can only produce quantitative fracture estimates for very brittle materials. We shall refine these estimations below, with the 
aid of finite element analysis, and assess whether the embrittlement of metals due to their exposure to hydrogen can bring them 
into the realm of quantitative micro-scale experiments.
5 
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Fig. 3. Geometric setup of the small scale samples considered in the finite element calculations: (a) double cantilever beam (DCB), and (b) notched cantilever 
beam specimen.

3. Modelling framework

Finite element calculations are conducted to establish the relationship between the sample dimensions, the material plastic 
behaviour (𝜎𝑌  and 𝑁) and the maximum valid critical 𝐽 value that can be measured for those conditions. For a given choice of 
material (𝜎𝑌 , 𝑁) and sample geometry, the distribution of tensile stresses ahead of the crack tip is plotted as a function of an 
increasing applied load (𝐽 value), until an HRR field ceases to exist — at this point: 𝐽 = 𝐽max. The same analysis is repeated for 
dozens of geometries, with the validity maps being built using over 100 𝐽max data points. The analyses are carried out for the two 
sample types commonly used in micro-scale testing: the double cantilever beam (DCB) specimen (Fig.  3a) and the notched cantilever 
beam specimen (Fig.  3b). The former is an example of a geometry that enables a long ligament length, and where the validity is 
likely limited by the crack size, with long cracks not being easy to introduce through FIB-milling due to material redeposition. On 
the other hand, the notched cantilever beam sample facilitates the milling of a long crack but is limited on the crack ligament length. 
Their geometries are shown in Fig.  3.

Typical micro-scale DCB experiments adopt a width-to-length ratio 𝐿∕𝑊  in the range 0.13–0.25, while the initial normalised 
crack length 𝑎∕𝑊  is relatively shallow, typically varying from 0.1 to 0.25 due to fabrication limitations [8,53]. In this study, we set 
representative values of 𝐿∕𝑊 = 0.25, 𝑎∕𝑊 = 0.125, and 𝑒∕𝐿 = 0.2, implying that the validity of the test is mostly constrained by the 
crack length (as in lab experiments). For the notched cantilever beam specimen, we define 𝑎𝑛∕𝑊 = 0.5 and 𝑎∕𝑊 = 0.6, mimicking 
typical experimental configurations [23] and resulting in a dominant role of the uncracked ligament (𝑊 − 𝑎) on the test validity 
(or lack thereof). Other dimensions, such as 𝐿1, 𝐿2, and 𝐻 , do not play a primary role in the bending test, although the specimen 
height 𝐻 is typically much larger than 𝑊 . Here, we set the representative values as 𝑊 ∕𝐻 = 0.3, 𝐿1∕𝐻 = 0.3, and 𝐿2∕𝐻 = 0.7, 
respectively. Plane strain conditions are assumed and only half of the DCB sample is modelled, taking advantage of symmetry.

Numerical simulations are conducted using the finite element package COMSOL MULTIPHYSICS. Quadratic quadrilateral 
serendipity elements with reduced integration are adopted for both geometries. Finite strains and rotations are considered. As 
shown in Fig.  4, the finite element mesh is refined near the crack/notch to appropriately resolve crack tip stresses. The resulting 
finite element mesh is the outcome of a mesh convergence study, which was conducted for representative geometries and material 
properties, including the limit cases. Consistent with the experimental conditions shown in Fig.  1, the DCB specimen is fixed along the 
bottom edge, while the notched cantilever beam specimen is constrained at both the left and bottom edges (Fig.  3). The numerical 
analyses are run in a load-controlled fashion, with a crack opening load being applied in the DCB and a downward load being 
applied on the edge of the cantilever beam, as in the experiments. Quasi-static conditions are assumed, with the load being increased 
progressively using very small load increments, to accurately capture the maximum load level at which the HRR field ceases to be 
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Fig. 4. Finite element mesh of (a) a double cantilever beam (DCB) and (b) a notched cantilever beam specimen, with the mesh being refined near the crack 
tip.

valid. The relationship between the applied load and the value of the 𝐽 -integral is obtained by using the contour integral method. 
The value of 𝐽 is obtained over multiple contours to ensure that the converged value is attained.

The material properties are varied along relevant ranges. The yield strength is varied from 100 MPa to 1500 MPa, encompassing 
the most commonly-used metallic materials, including high-strength steels, nickel-based alloys, and aluminium alloys. The crack 
length or ligament size ranges from 0.001 mm to 100 mm, covering a broad spectrum of small scale testing applications. Two 
different hardening exponents in Eq. (3) are considered: 𝑁 = 0.1, representative of most low hardening materials such as carbon 
and low-alloy steels, and 𝑁 = 0.3, characteristic of high hardening materials like nickel-based alloys and copper-based alloys. It is 
expected that the higher hardening exponent 𝑁 = 0.3 will enhance the material’s resistance to localised plastic deformation near 
the crack tip, leading to a more constrained plastic zone and, consequently, a greater 𝐽max (or a smaller minimum sample size, for 
a given 𝐽𝐼𝑐). However, this effect is not explicitly captured in the semi-analytical solution given by Eq. (11), where 𝑀 is a constant 
value independent from the strain hardening behaviour.

4. Numerical results

The computational framework is now used to assess the suitability of small scale testing for measuring fracture toughness. First, 
in Section 4.1, we showcase the ability of the model to resolve the HRR singularity field, using a representative geometry and 
material, and demonstrate how the maximum valid value of 𝐽 -dominance, 𝐽max, is determined. Next, in Section 4.2, we present 
representative comparisons between finite element simulations and semi-analytical solutions for different values of 𝑀 . Finally, in 
Section 4.3, ‘validity maps’ are generated through extensive FE analysis, showing how 𝐽max varies as a function of both yield strength 
and crack length or ligament size.

4.1. Quantifying the HRR singularity regime

Let us begin by illustrating the ability of the model to resolve the expected crack tip behaviour and map regimes of 𝐾 and 𝐽
validity. To this end, the DCB sample is chosen as representative. The crack length is set to 𝑎 = 0.01 mm, leading to a specimen 
geometry of 𝑊 = 0.08 mm and 𝐿 = 0.02 mm. The material parameters are defined as follows: Young’s modulus 𝐸 = 210 GPa, 
Poisson’s ratio 𝜈 = 0.3, yield stress 𝜎𝑌 = 900 MPa, and hardening exponent 𝑁 = 0.1. Based on these parameters, the semi-analytical 
solution for the maximum value of 𝐽 at which the HRR field ceases to exist renders 𝐽max = 0.36 kJ∕m2, when 𝑀 = 25.

The results obtained for different levels of the applied load are shown in Fig.  5, a log–log plot where the horizontal axis 
corresponds to the normalised distance ahead of the crack (𝑟∕𝑎, based on a polar coordinate system centred at the crack tip), and 
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Fig. 5. Crack tip stress distributions for various levels of the applied load. The results are computed for the DCB case and shown in a log–log plot, with the 
normalised tensile stress on the 𝑦-axis and the distance ahead of the crack 𝑟 on the 𝑥-axis. Results obtained for the extended crack plane (polar coordinate 𝜃 = 0) 
for a crack length 𝑎 = 0.01 mm and material properties: 𝐸 = 210 GPa, 𝜈 = 0.3, 𝜎𝑌 = 900 MPa, and 𝑁 = 0.1.

the vertical axis corresponds to the normalised tensile (opening) stress, 𝜎𝑥𝑥∕𝜎𝑌 . As shown for the 𝐽 = 0.002 kJ∕m2 case (blue dashed 
curve), for very small applied loads the behaviour is almost purely elastic, with the stress field exhibiting a slope of 0.5, associated 
to the 𝐾-field singularity (𝑟−0.5). As the load is increased, the plastic zone increases in size and the distinct HRR singularity emerges, 
as characterised by a slope of 𝑁∕(𝑁 +1) (see Eq. (8)). This can be readily observed of the case of 𝐽 = 0.04 kJ∕m2 (black solid curve), 
where the HRR regime is largest. As we keep ramping up the load, large strain plasticity and crack tip blunting start to dominate, 
resulting in a drop in the stress distribution and a smaller HRR regime. As discussed above, the semi-analytical expression predicts 
that the HRR domain will cease to exist when 𝐽 = 0.36 kJ∕m2. The numerical results for that load level (dashed-dotted red line), 
still show a regime of HRR behaviour but this is relatively small. If the applied load is increased sufficiently, the HRR regime ceases 
to exist, as illustrated for a 𝐽 value of 0.6 kJ∕m2 (green dotted curve). From a practical standpoint, we define the existence of the 
HRR regime (or lack thereof) from the stress distribution over the logarithmically transformed horizontal coordinate, log10(𝑟∕𝑎). 
Specifically, the HRR field is considered to have ceased to exist when the log-transformed length of the region over which the stress 
field follows the theoretical singularity falls below 0.05 . By using this criterion, the maximum load level at which the HRR regime 
is still valid in this representative case is 𝐽 = 0.52 kJ∕m2. This is a value slightly higher than the semi-analytical solution for 𝑀 = 25, 
with larger differences expected for materials with higher work hardening exponents.

4.2. Representative comparisons with semi-analytical solutions

The semi-analytical solution presented in Section 2 offers a simple, straightforward, and practical approach for estimating the size 
requirements of a valid fracture toughness for a given material. However, as previously discussed, while predictions are very sensitive 
to the value of 𝑀 , there appears to be no clear consensus on its magnitude, and a constant value fails to reflect its high sensitivity 
to the strain hardening behaviour of the material. Thus, we proceed to compare the semi-analytical solutions with representative 
finite element simulations to quantitatively evaluate whether the chosen 𝑀 is sufficiently conservative across a wide range of yield 
strengths and varying hardening exponents.

In this sub-section, we examine two representative ligament (or crack) sizes in micro-scale testing: 𝑎, (𝑊 − 𝑎) = 0.01 mm and 
𝑎, (𝑊 − 𝑎) = 1 mm. Note that both the ligament and crack sizes discussed here serve as the controlling factors in size requirements, 
depending on the specific specimen type (DCB vs. cantilever beam). Consequently, larger ligament or crack sizes correspond to 
greater samples (overall). For each ligament (or crack) size, the yield strength is varied from 100 MPa to 1500 MPa, and the 
maximum valid 𝐽 value, 𝐽max, is computed following the procedure outlined in Section 4.1.

Consider first the results for a lower hardening exponent 𝑁 = 0.1. Fig.  6 shows the dependence of 𝐽max on yield strength. 
For comparison, semi-analytical solutions using three different values of 𝑀 - namely 𝑀 = 10, 𝑀 = 25, and 𝑀 = 100 - are also 
presented. In general, numerical results show an approximately linear relationship between 𝐽max and yield strength, consistent with 
the semi-analytical solution described in Eq. (11). Additionally, when the ligament (crack) size increases from 0.01 mm (Fig.  6a) 
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Fig. 6. Finite element simulations of 𝐽max as a function of yield strength for a hardening exponent of 𝑁 = 0.1 and ligament (crack) sizes of (a) 0.01 mm and 
(b) 1 mm. Results are compared with semi-analytical solutions for three representative values: 𝑀 = 10, 𝑀 = 25, and 𝑀 = 100.

Fig. 7. Contours of the effective plastic strain 𝜀𝑝 for (a) DCB and (b) notched cantilever beam specimens with a hardening exponent of 𝑁 = 0.1, at 𝐽 = 0.15
kJ∕m2, 𝜎𝑌 = 900 MPa, and (𝑎,𝑊 − 𝑎) = 0.01 mm.

to 1 mm (Fig.  6b), the predicted 𝐽max increases by nearly two orders of magnitude, confirming a proportional relationship between 
𝐽max and ligament size.

One interesting finding is that, for all cases considered, the simulated values of 𝐽max for the DCB specimen (black curves) are 
higher than those for the notched cantilever beam specimen (red curves). This suggests that the size requirement for the notched 
cantilever beam specimen is more stringent than that for shallow-cracked specimens controlled by crack length (such as the DCB), 
a finding in agreement with previous observations [43]. This difference can be explained by looking at the equivalent plastic strain 
contours predicted, as given in Fig.  7. These results have been obtained for both DCB (Fig.  7a) and notched cantilever beam (Fig. 
7b) specimens at 𝐽 = 0.15 kJ∕m2, 𝜎𝑌 = 900 MPa, and (𝑎,𝑊 − 𝑎) = 0.01 mm. At this 𝐽 -integral value, the notched cantilever beam 
specimen is already very close to its 𝐽max (0.18 kJ∕m2), whereas the DCB specimen has a much higher 𝐽max of 0.52 kJ∕m2. From Fig. 
7b, it can be observed that in the notched cantilever beam specimen, significant plastic strain develops at the bottom of the beam, 
propagating towards the crack tip plastic zone due to the limited ligament size. This rapid expansion of the plastic zone ultimately 
destabilises the 𝐽 -dominance. In contrast, Fig.  7a shows that in the DCB specimen, the plasticity remains confined to a finite region, 
allowing 𝐽 -dominance to be continuously maintained.

Based on the finite element simulation results, the semi-analytical solution with 𝑀 = 10 would underpredict the minimum size 
requirements for 𝐽 -validity in both DCB and notched cantilever beam specimens. The commonly adopted value of 𝑀 = 25 provides 
a sufficiently conservative estimation for DCB tests but still overestimates 𝐽max in the notched cantilever beam specimen. Finally, 
using 𝑀 = 100 ensures a fully conservative estimation for both specimen types, reinforcing its reliability as a safer criterion for 
determining size requirements, particularly for materials with a lower hardening exponent 𝑁 .
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Fig. 8. Finite element simulations of 𝐽max as a function of yield strength for a hardening exponent of 𝑁 = 0.3 and ligament (crack) sizes of (a) 0.01 mm and 
(b) 1 mm. Results are compared with semi-analytical solutions for three representative values: 𝑀 = 10, 𝑀 = 25, and 𝑀 = 100.

Finally, Fig.  8 shows the results obtained for a hardening exponent of 𝑁 = 0.3. Compared to Fig.  6, it is evident that increasing 
the hardening exponent from 𝑁 = 0.1 to 𝑁 = 0.3 significantly raises the predicted 𝐽max for both DCB and notched cantilever beam 
specimens. Moreover, the differences in 𝐽max between the two specimen types become negligible at higher hardening exponents. With 
𝑁 = 0.3, all investigated values of 𝑀 (10, 25 and 100) provide a conservative estimate for the size requirements and maximum 
valid 𝐽 -integral 𝐽max. As in the 𝑁 = 0.1 case and as in Eq. (11), the numerical results in Fig.  8 exhibit an approximately linear 
relationship with yield strength.

4.3. Validity maps relating yield strength, fracture toughness and sample dimensions

Following the procedure introduced in Sections 4.1 and 4.2, extensive parametric studies are conducted to map the relationship 
between the maximum valid 𝐽 value (𝐽max), the material yield strength and the relevant sample dimension (ligament or crack size). 
Results are shown in Fig.  9. As expected, the colour gradient in the maps transitions from purple in the lower-left corner to yellow 
in the upper-right corner, indicating that as yield strength and specimen size increase, the maximum valid 𝐽 -integral, 𝐽max, rises 
consistently. The maps also clearly show that a higher hardening exponent 𝑁 = 0.3 leads to greater 𝐽max values compared to lower 
hardening levels, given the same yield strength and ligament or crack size.

The trends are qualitatively similar to those obtained from the simple, semi-analytical equation (see Fig.  2). However, some 
quantitative differences emerge. For example, while Fig.  2 suggested that the realm of micromechanical tests was limited to materials 
with toughnesses below 0.1 kJ/m2, the numerical map reveals that both DCB and notched cantilever beam micromechanical tests 
can be used to quantitatively predict fracture in materials with toughness values on the order of ∼1 kJ/m2, for 𝑁 = 0.3 and relatively 
high strengths. This expands the applicability of micromechanical tests to the analysis of exceptionally brittle metals like beryllium 
and some polymer materials (PMMA, epoxy, polyester). However, most metallic materials have 𝐽𝐼𝑐 values at room temperature that 
significantly exceed that range. The differences between numerical and semi-analytical predictions will be examined in more detail 
and discussed below.

4.4. Discussion

We now compare the maps predicted by the numerical simulations (Section 4) and the semi-analytical solutions (Section 2). 
Using the maps shown in Fig.  9, we can conveniently select multiple points with the same 𝐽max value and investigate the minimum 
size requirement as a function of yield strength for different values of 𝐽max. Fig.  10 shows the differences in size requirements 
between numerical and semi-analytical predictions for three representative material toughness values: 𝐽𝐼𝑐 = 0.1 kJ∕m2, 𝐽𝐼𝑐 = 1
kJ∕m2, and 𝐽𝐼𝑐 = 10 kJ∕m2. Consistent with Figs.  6 and 8, the semi-analytical solution with 𝑀 = 25 (dotted curves) predicts a 
more conservative (i.e., larger) size requirement for the DCB specimen, with this trend being particularly evident in materials with 
high strain hardening capacity. Additionally, the numerical predictions with 𝑁 = 0.3 show minimal dependence on specimen type, 
yielding nearly identical results for both DCB and notched cantilever beam specimens. However, when 𝑁 = 0.1, the semi-analytical 
solution predicts significantly lower size requirements for the notched cantilever beam specimen, especially for materials with lower 
yield strength (200 MPa or less), where the differences could be 5–8 times.

The differences between numerical simulations and semi-analytical solutions raise the question of whether the value 𝑀 = 10, 
as adopted in the latest ASTM standard [52], or the widely used 𝑀 = 25 within the community, are sufficiently conservative. For 
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Fig. 9. Maps showing finite element predictions of the maximum valid 𝐽 -dominance 𝐽max as a function of yield strength (x-axis) and ligament or crack size 
(y-axis) for (a) DCB specimen, and (b) notched cantilever beam specimen. Note that the value of 𝐽max in these maps corresponds to the material toughness 𝐽𝐼𝑐
in Fig.  2, as determined using the semi-analytical solution.

high-hardening materials (i.e., 𝑁 → 0.3), both values appear to be conservative enough. However, the results shown in Figs.  6, 8, 
and 10 suggest that while 𝑀 = 25 remains acceptable for DCB specimens with a hardening exponent of 𝑁 = 0.1, the use of bending 
(cantilever) specimen for small-scale testing of low-hardening materials requires more careful consideration of the ligament size. 
In summary, from an experimental perspective, 𝑀 = 10 is recommended for high-hardening materials, as per the ASTM standard. 
In contrast, for low-hardening materials – particularly in ligament-controlled cases – the use of 𝑀 = 10 should be revised. A more 
conservative value of 𝑀 = 100, which corresponds to the criterion for unstable fracture in the ASTM standard, is recommended.

Finally, we conclude this section by using our numerical maps to evaluate the validity of small scale fracture experiments from 
the literature. As shown in Fig.  10, for the DCB specimen, the semi-analytical results are more conservative for both low and high 
strain hardening materials, favouring this approach. One example of successful quantitative testing with micromechanical DCB 
samples are the experiments by Gavalda-Diaz et al. on Ti3SiC2 [53], where the measured 𝐽𝐼𝑐 is approximately 0.044 kJ∕m2, while 
the corresponding 𝐽max obtained from Fig.  9 is 0.17 kJ∕m2. Examples of valid notched cantilever beam tests include studies on 
NiTi [54] and AISI 4340 steel [55] using mm samples, and on silicon [56] and on specific planes in 𝛼-iron [57], using micrometer 
samples. Contrary to these successes, we also found studies conducted outside of the regimes of 𝐽 -validity, such as recent microscale 
experiments on low-hardening tungsten [58] and high-hardening copper [59]. In any case, it should be noted that the use of 
microscale experiments to predict the fracture behaviour of metals can bring other complications. For example, the assumption 
of a homogeneous material will break down when crystal anisotropy starts playing a role.

A further interesting observation is that for high strain hardening materials, the valid 𝐽𝐼𝑐 values obtained from cantilever 
specimens can sometimes exceed the semi-analytical solution while still remaining below the 𝐽max derived from numerical maps. One 
example is the NiTi test in Ref. [54], where the measured 𝐽𝐼𝑐 is approximately 136 kJ∕m2. For those conditions, the semi-analytical 
solution renders 𝐽max = 81.2 kJ∕m2, implying that the test is invalid. However, the numerical prediction for 𝐽max in this test is 388.3 
kJ∕m2. This highlights the limitations of the semi-analytical solution in neglecting the influence of strain hardening behaviours, and 
emphasises the importance of using more accurate numerical maps.
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Fig. 10. Comparison of the minimum size requirements for (a) DCB and (b) notched cantilever beam specimens, as predicted by numerical simulations and 
semi-analytical solutions with 𝑀 = 25, for three representative material toughness values: 𝐽𝐼𝑐 = 0.1 kJ∕m2, 𝐽𝐼𝑐 = 1 kJ∕m2, and 𝐽𝐼𝑐 = 10 kJ∕m2.

5. Validity maps for hydrogen-embrittled metals

Finally, we proceed to apply our numerical validity maps to metals exposed to hydrogen-containing environments, an area of 
growing interest within the small scale testing community [23–26]. A primary objective of small-scale testing in hydrogen-containing 
environments is to evaluate the fracture strength within a localised region or even a specific microstructural feature or constituent 
susceptible to hydrogen accumulation (e.g., grain boundaries [23] and acicular ferrite [60]). Although the mechanism of hydrogen 
embrittlement remains a topic of debate [61–63], it is widely observed that hydrogen ingress into metals significantly deteriorates 
fracture resistance [64–66]. Thus, there is a need to gain microstructural insight into the mechanisms and the notable reduction of 
𝐽𝐼𝑐 observed in hydrogen environments should facilitate this. The following analysis aims to identify the regimes where quantitative 
microstructural insight into hydrogen embrittlement can be gained.

Fracture toughness and yield strength data for relevant materials in hydrogen gas (H2) environments, denoted as 𝐽𝐼𝑐 (𝐶) and 
𝜎𝑌 (𝐶), are collected and provided in Table  1, along with the corresponding values in air, denoted as 𝐽𝐼𝑐 (0) and 𝜎𝑌 (0). It can be 
observed that the fracture toughness decreases by a factor of 5 to 50. In contrast, the yield strength remains nearly unchanged 
in the presence of hydrogen, consistent with many other findings [67,68]. Thus, a reduced size requirement can be expected as 
described by Eq. (9). 

We now integrate the fracture toughness data for both air and hydrogen gas environments, as summarised in Table  1, into the 
maps generated in Section 4.3 to examine the changes in minimum size requirements due to hydrogen embrittlement. As an example, 
we use the finite element simulation results for the DCB specimen with a hardening exponent of 𝑁 = 0.3, as this choice enables 
us to identify the smallest size requirements and evaluate the constraints associated with size selection in small-scale testing for 
hydrogen-embrittled materials. The results, shown in Fig.  11, include a series of black lines indicating the minimum size requirements 
for various materials under various hydrogen contents. As expected, the presence of hydrogen atoms reduces fracture toughness, 
12 



C. Cui et al. Engineering Fracture Mechanics 325 (2025) 111321 
Table 1
Fracture toughness and yield strength of various materials in air and hydrogen-containing environments (as characterised by the H2 pressure 𝑝H2

). The hydrogen-
relevant toughness 𝐽𝐼𝑐 (𝐶) and the yield strength 𝜎𝑌 (𝐶) are provided together with the their associated values in air (𝐽𝐼𝑐 (0) and 𝜎𝑌 (0)). 
 Material 𝜎𝑌 (0) (MPa) 𝐽𝐼𝑐 (0) (kJ/m2) 𝑝H2

 (MPa) 𝜎𝑌 (𝐶) (MPa) 𝐽𝐼𝑐 (𝐶) (kJ/m2) Reference 
 Pure Ni 200 232 83 / 49 [69,70]  
 X750 Ni alloy 738 229 13.8 738 19 [71]  
 St35 Carbon steel 294 329 2 294 42 [72]  
 A516-70 Carbon steel 372 121 34.5 365 36 [73]  
 L485 Steel 527 1000 10 527 78 [72]  
 X80 steel 580 438 103 593 9.5 [68,74]  
 CrMo4130 steel 635 68 69 635 4.4 [68]  
 H8 steel 790 450 19.5 / 40 [75]  
 X100 steel 910 92 21 850 7 [76]  
 HY130 940 150 69 940 2.5 [68]  
 42CrMo4 steel 1023 89 20 / 50 [77]  
 CrMo4145 steel 1055 56 41 1055 1.6 [68]  

Fig. 11. Validity map showing minimum ligament or crack size requirements (the solid black lines) for various materials in both air and hydrogen-containing 
environments based on finite element predictions with 𝑁 = 0.3. The numbers on the maps indicate hydrogen gas pressures collected from the literature and 
summarised in Table  1.

thereby lowering the size requirements for the same material. Under high hydrogen gas pressure or concentration, the minimum 
size requirements can decrease by one to two orders of magnitude. For instance, CrMo4130 steel, which is widely used in aerospace 
and pipeline applications, experiences a reduction in the size requirement from (𝑎,𝑊 − 𝑎) ⩾ 0.67 mm to (𝑎,𝑊 − 𝑎) ⩾ 0.04 mm
under a hydrogen gas pressure of 69 MPa. This finding suggests that small-scale testing techniques are more suitable for assessing 
hydrogen-assisted fracture behaviour than for fracture testing in air. However, as shown in Fig.  11, for all investigated materials, 
the minimum required size (𝑎,𝑊 − 𝑎) remains above 0.01 mm. There could be significant challenges when aiming at fabricating 
samples with crack sizes and ligaments in the range of tens of microns, which would allow to investigate the hydrogen-embrittled 
local strength of specific microstructural features.

Finally, it is important to note that Fig.  11 presents results for only a few representative materials. However, the methodology 
can be readily extended to any material of interest. In other words, the results and methodology provided enable a straightforward 
and practical approach for assessing the suitability of micro-scale testing in both air and aggressive environments.

6. Concluding remarks

We have conducted both numerical and semi-analytical investigations to gain insight into the validity of fracture toughness 
testing using small scale specimens. The simulations considered two typical micro-scale testing configurations: the double cantilever 
beam (DCB) and the notched cantilever beam specimen. A wide range of yield strengths, ranging from 100 MPa to 1500 MPa and 
encompassing most commonly used metallic materials, was examined, along with ligament sizes or crack lengths ranging from 
0.001 to 100 mm. Two different hardening exponents, 𝑁 = 0.1 and 𝑁 = 0.3, were evaluated to investigate the influence of material 
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hardening behaviour. Validity maps are built based on these investigations, offering a straightforward and practical approach for 
determining the minimum size requirements and assessing the applicability of quantitative fracture toughness measurements in 
small scale tests. The key findings include:

• The minimum size requirements 𝑎, (𝑊 − 𝑎) and the maximum valid 𝐽 -integral 𝐽max are strongly dependent on the hardening 
exponent 𝑁 and are influenced by the specimen type. However, the effect of specimen type becomes negligible at higher 
hardening exponents 𝑁 .

• For materials with a lower hardening exponent, neither the commonly used semi-analytical solution with 𝑀 = 25 nor the 
recommended criterion of 𝑀 = 10 in ASTM E1820 fully ensures compliance with minimum size requirements or the validity of 
fracture toughness tests. In such cases, a more conservative value of 𝑀 = 100 is recommended. In contrast, for high-hardening 
materials, 𝑀 = 10 remains sufficiently conservative.

• The assessment of literature data reveals that the condition of 𝐽 -validity is often violated, resulting in erroneous fracture 
estimates.

• The application of our analysis to hydrogen-embrittled metals suggests that it is possible to conduct quantitative microme-
chanical tests to gain insight into hydrogen embrittlement.
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